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INTRODUCTION 

At the basis of this thesis there is the analysis of two important strategies implemented by portfolio managers 

in order to cover the risk of the interest risk, that is the immunization theory and the hedging of fixed-income 

securities. In particular the two arguments are presented from a theoretical point of view by treating important 

theorem of the immunization and the basis of the use of the derivatives such as the interest rate future. 

The motivations that allow to be interested in this subjects have two different aspects. First, I like to solve 

problem and face complexities: during my three-years undergraduate program I satisfy this aptitude in 

quantitative exams such as financial mathematics and markets and derivatives. Second, in a more and more 

globalized and at the same time more fragile and breakable economy, I have been interested in how to face 

the uncertainty technically.  

The objective of the thesis is the introduction of two different strategies in facing the uncertainty in the fixed 

income market and, finally, a comparison between them in order to show the strength points and weaknesses. 

The thesis is divided into three chapters, each one divided into three paragraphs: the first paragraph aim to 

introduce the basic concepts of financial mathematics applied by the strategies. The first paragraph treats the 

interest rate and how to compute it, the second introduces to the structure of a bond and how the interest rate 

affects the value of a bond. The third paragraph is focus on the two indicators of the volatility of a bond, 

namely the duration and the convexity. The second chapter introduces with the first paragraph the concept of 

investment accumulation and investment duration, then the second paragraph is focus on the Fisher and Weil’s 

theorem and on the Redington’s theorem of the immunization. Finally, the third paragraph of the second 

chapter points out the Vasicek and Fong’s discoveries, namely the general theorem of immunization and its 

theorization by not implying additive shifts but random shifts of the interest rate. The third chapter starts with 

an overview of the derivative world in the first paragraph. The second paragraph introduces the interest rate 

futures and, in conclusion the third one points out the theory of the hedging by applying the duration and the 

convexity in order to be cover by the interest rate volatility. 

Thanks to this thesis it has been possible to analyze deeply two important strategies applied in the world of 

the fixed income and, in the conclusion chapter, to make some comparison in real world applications of the 

two strategies. 
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I. BASIC CONCEPT 

 

1. Interest Rate 

The “Interest Rate” is the ratio between the Interest and the Present value, in which the Interest 

is computed by subtracting the Present value to the Future value; and represents the percentage return than an 

investor obtains in a financial operation. 

A financial operation is an exchange of two different amounts of money in different periods of time and it can 

be understood, in regard of who supplies or who demands, as “Investment operation” in the former case or as 

“Financing operation” in the latter case.  

 

In an Investment operation, any investor that owns a given amount of money “x”, decides to forgo this amount 

at time “t0”, in order to receive a greater amount of money “y” at time “t1”. This statement can be represented 

by the following expression:  

 

 

where the value x is the “Present value” (or Initial investment), and the value y is the “Future value”.  

Hence, the following example expresses, given the features of a contract, how to compute the Interest rate: 

• suppose a farmer has $10,000 dollars and invests this amount in a contract that will provide him 

$10,500 dollars back after one year: the interest rate will be 5%. 

 

In a Financing operation, a borrower, that needs money to finance a project, obligates himself to return an 

amount of money back at t1, in order to receive, at t0, a necessary amount of money to finance a project. The 

difference between the Future value and the Present value is the “Discount”. The discount rate is defined as 

the ratio between the Discount and the Future value.  

• For instance, a company needs to finance a positive-NPV project and decides to issue a Zero-

Coupon Bond, whose maturity1 is in one year with face value2 of $1.000. The company receives 

$950 at t0. So, the discount rate is 5%. 

 

Summarizing the two financial operations discussed so far, what distinguishes them is only the point of view 

of the person that submits the financial transaction. In fact, there is a relation between the interest rate and the 

discount rate. Analytically it is stated by the following expressions: 

 

𝑑 = #
$%#

 ó 𝑖 = '
$('

 

 

																																																								
1 The maturity is the period of time that the investment lasts. 
2 The face value is the imprinted value on the Zero-coupon bond, that the investor has the right to receive at maturity. 

x	
t0	

y	
t1	
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where d is the discount factor and i is the interest rate.  

 

The interest rate can be assumed in three different ways: in terms of the so-called “Rate of return”, in terms 

of the “Discount rate”, or in relation to the “Opportunity cost”. The first (also called “Yield to maturity”) 

represents the minimum rate of return that an investor should receive when accomplishing an investment. The 

second embodies the rate’s capability of obtaining the discount factors when computing the present values. 

The third expresses the cost an investor forgoes by deciding to invest in a different option.  

 

Understanding the entity of the interest rate is fundamental when analyzing the market. In fact, economic 

theory evidences that the interest rate is determined by the meet of demand and supply of funds within the 

marketplace. In case the demand of funds increases, the interest rate arises; on the other hand, when the interest 

rate decreases then the supply of funds arises. 

 

“More into details, in analyzing the market interest rates, the interest rate is the outcome of 5 factors: 

 

𝑖𝑛𝑡𝑒𝑟𝑒𝑠𝑡	𝑟𝑎𝑡𝑒 = 	𝑟𝑒𝑎𝑙 	𝑟𝑖𝑠𝑘𝑓𝑟𝑒𝑒	𝑟𝑎𝑡𝑒 + 𝑖𝑛𝑓𝑙𝑎𝑡𝑖𝑜𝑛	𝑟𝑖𝑠𝑘	𝑝𝑟𝑒𝑚𝑖𝑢𝑚 + 𝑑𝑒𝑓𝑎𝑢𝑙𝑡	𝑟𝑖𝑠𝑘	𝑝𝑟𝑒𝑚𝑖𝑢𝑚

+ 𝑙𝑖𝑞𝑢𝑖𝑑𝑖𝑡𝑦	𝑟𝑖𝑠𝑘	𝑝𝑟𝑒𝑚𝑖𝑢𝑚 +𝑚𝑎𝑡𝑢𝑟𝑖𝑡𝑦	𝑟𝑖𝑠𝑘	𝑝𝑟𝑒𝑚𝑖𝑢𝑚3" 

 

where: 

• The (real) risk-free rate is the expression of the interest guaranteed for an investor for buying risk-

free securities, such as governmental bonds;  

•  the inflation risk premium is the premium obtained by the investor to compensate the loss of 

purchasing power of a unit of currency;  

• the default risk premium is the premium that rewards an investor for the likelihood of the 

borrower’s default; 

• the liquidity risk premium is the premium that compensates an investor for the difficulty of 

transforming the investment in money;  

• the maturity risk premium is the premium that reward an investor for the increasing of the duration4 

of the investment 

 

The computations in the previous examples have the assumption that there is only one unitary period of time. 

To introduce more periods, it is necessary to explain the compounding. The compounding consists of 

considering the future value at the end of a unitary period of time such as the present value of the next period. 

Analytically, it is: 

																																																								
3 Anonymous Author that cannot be quoted 
4 In this case, the duration is not the financial duration of a fixed-income security, but the period of time an investment lasts. 
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𝑛$ = 𝑛< 1 + 𝑖  

𝑛> = 𝑛$ 1 + 𝑖 = 𝑛< 1 + 𝑖 > 

𝑛? = 𝑛> 1 + 𝑖 = 𝑛< 1 + 𝑖 ? 

… 

𝑛A = 𝑛A($ 1 + 𝑖 = 𝑛< 1 + 𝑖 A 

 

So, the relation between the future value and present value for many periods of time is: 

 

𝐹𝑉 = 𝑃𝑉 1 + 𝑖 A 

 

where FV is the future value, PV is the present value and t is the number of periods. 

If an investment provides an annual interest rate of 5% the Principal is $1.000 and the maturity is 5 years. In 

order to compute the future value of the investment after 5 years, it is necessary to include in the computation 

the interest over 5 years. 

 

𝐹𝑉 = $1.000	 ∗ 1 + 5% K = $1.276.28 

 

To clarify the example proposed, let’s imagine an investor who deposits $1.000 in a bank in time 0. At the end 

of the first year, given an interest rate of 5%, the investor will have in his bank account a future value of 

$1.050. The investor will leave that amount for another year. So, the future value of $1.050 is the present value 

at the beginning of the second year. The amount at the end of the second years is computed as: 

 

𝐹𝑉> = $1.050 ∗ 1 + 5% = $1.102.50 

 

The compounded interest can be computed in different intervals, every year, every 6, 4, 3 months or every 

day, in order to obtain the daily, trimestral or semiannual interest rate. Each m-period interest rate can be 

expressed as annual effective interest rate, by equalizing the m compounding formula to the easy formula of 

the annual compounding.  

 

[1 + 𝑖(𝑚)]T = 1 + 𝑖 𝑎    ó   𝑖 𝑎 = 	 [1 + 𝑖(𝑚)]T − 1 

 

where i(m) is the interest of the m period, and i(a) is the effective annual interest rate. 

If a consumer goes to a bank to finance the buy a house with a mortgage, the interest the bank offers is a 

monthly interest rate that compounds 12 times a year. That means that the consumer pays interest every month, 

but the interest that bank shows is not the periodic monthly interest rate, in fact the financial institution often 

quote an annual interest rate that we refer to as the stated annual interest rate or quoted interest rate. It is 
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denoted by j(m):  

𝑗 𝑚 =
𝑖 𝑚
1
𝑚

 

 

where i(m) is the effective rate for m periods and m is the number of periods. 

For instance, the bank might state that the mortgage rate is the 10% compounded monthly. So, the monthly 

interest rate is 10%/12	 = 	0.083% and the monthly cash payment will be 𝑃𝑉 ∗ 0.083%. Finally, the annual 

effective rate is 1 + 0.083% $> − 1 = 10.47%. 

If the number of compounding periods per year becomes infinite, then interest is said to compound 

continuously5. It is obtained: 

lim
\→^

𝑗 𝑚 = lim
\→^

(1 + 𝑖 𝑎
$
T − 1)/(1/𝑚) = lim

$
T →<

(1 + 𝑖 𝑎
$
T − 1)/(1/𝑚) = ln 1 + 𝑖 𝑎 = 	𝛿 

 

where i(a) is the annual effective rate and the final step is justified because of the notable limitation: 

 

lim
a→<

(𝑎a − 1)/𝑥 = ln 𝑎 

 

For example, an investor finds out an investment proposal whose interest continuously compounding is 6%. 

The investor decides to finance that proposal with $3.000 for 1 year. The future value that the investor will 

gain is 𝐹𝑉 = 	$3.000𝑒c%∗$ = $3.185.51. So mathematically, the formula for the interest continuously 

compounding is: 

 

𝐹𝑉 = 𝑃𝑉	𝑒d∗A 

 

where t is the maturity of the investment. 

  

																																																								
5	The interest continuously compounded is the most famous and useful because of its simplicity of computation. 
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2. Bond 

Bonds are the most traded debt securities in the World, which have standardized income 

streams. The cash streams depend on the face value “F” and the coupon rate “c” of the bond. The coupon rate 

is expressed as an annual rate of return: it means that the effective rate is computed by dividing the coupon 

rate by the number of payments done in one year “n”. The face value is the value imprinted on the contract 

and it is included only in the last payment that the holder receives at maturity. Hence, each cash payment is ef
\

 

and the final payment is equal to 𝐹 + fg
\

.  

For example, an US 10 years T-bond with face value of $1.000 and a semiannual coupon rate of 10%, paid 

has the following cash flow:  

 

 

 

The cash payment is equal to $100 and is paid every 6 months. The last payment consists of the last coupon 

and the repayment of face value at maturity. 

The evaluation of a bond is done using the yield to maturity: in fact, it is used to compute “Discount function” 

of each cash payment in order to compute the present value of the future cash payments: 

 

𝑣 = 1 +
𝑟
𝑛

(\∗A
 

 

where n is the number of payment at year and t is the number of years.  

The price of a bond maturing in T years is then: 

 

𝑃 = 	 𝑣A ∗ 𝐶𝐹𝑡 =
𝑐𝐹
𝑛 ∗

1

1 + 𝑟
𝑛
+
𝑐𝐹
𝑛 ∗

1

1 + 𝑟
𝑛

> + ⋯+
𝑐𝐹
𝑛 ∗

1

1 + 𝑟
𝑛

\∗l +
𝐹

1 + 𝑟
𝑛

\∗l

\∗l

Am$

=
𝑐𝐹
𝑛 1 +

𝑟
𝑛

(A
\∗l

Am$

+ 𝐹 1 +
𝑟
𝑛

(\A
 

 

where the first of part of the of the formula is the sum of discount factors multiplied by 𝑐𝐹/𝑛, that is the 

present value of the sum of thee coupon payments, and where the second part is the present value of the face 

value 𝐹 to be received on the maturity date. The factor to compute in an easy way the present value of the sum 

of the cash payment is obtained by the following demonstration: 

 

𝑣A
\∗l

Am$

= 𝑣 + 𝑣> + ⋯+ 𝑣\∗A = 𝑣 ∗
1 − 𝑣\∗A

1 − 𝑣 =
1

1 + 𝑖 ∗
1 − 𝑣\∗A

1 − 1
1 + 𝑖

=
1

1 + 𝑖 ∗
1 − 𝑣\∗A

𝑖
1 + 𝑖

=
1 − 𝑣n∗A

𝑖 	 

$100	
t1	

$100	
t2	

…	
…	

$1,000	
t20	
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So, the value of the bond can be expressed as: 

 

𝑃 =
𝑐𝐹
𝑟 ∗ 1 − 1 −

𝑟
𝑛

(\l
+ 𝐹 1 +

𝑟
𝑛

(\l
 

 

In order to standardize in the market, the price of all the quoted bonds having different face values, the bond 

price is divided by F and it is expressed as a percentage by  

 

𝑝 =
𝑃
𝐹 ∗ 100 = 100

𝑐
𝑟 1 − 1 −

𝑟
𝑛

(\l
+ 100 1 +

𝑟
𝑛

(\l
 

 

For example, a bond has a quoted p of 78% and a face value of $10,000. Thus, the price of bond is:  

 

𝑃 = 10000 ∗
78
100 = $	7800 

 

Given the p for each bond, it’s possible to differentiate the bond in par bonds, premium bonds and discount 

bonds. If 𝑝 = 100, the bond is called “par bond”; if 𝑝 > 100, the bond is a “premium bond” and it is a 

“discount bond” if 𝑝 < 100. 

The equation of “p” can be simply expressed as: 

 

𝑝 =
𝑐
𝑟 100 + 100 1 −

𝑐
𝑟 1 +

𝑟
𝑛

(\l
 

 

this form lets to see that p = 100 when c = r. When c = r, the price of bond cannot vary with maturity, because 

the price of the bond is always equal to the face value. 

In case 𝑐	 < 	𝑟, the bond is a discount bond and it’s possible to calculate the discount of the bond: 

 

𝑑 = 100 − 𝑝 = 100
𝑐
𝑟 − 1 1 +

𝑟
2

(\l
− 1  

 

that is the number of dollars subtracted from the face value of 100 to determine the price. 

If 𝑐	 > 	𝑟, the bond is sold at premium. The premium is  

 

𝑝 − 100 > 0 
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that is, the additional amount the coupon exceeds the interest earned. The excess can be regarded as a partial 

repayment of the borrowed initial amount, so that the price of the bond is reduced and the result is opposite of 

the case of discount bonds. 

As the time passes, the value of the bond does not remain constant until the maturity because of two elements 

that are expressed by the equation of P: the time “t” and the yield to maturity “r”. The coupon rate and face 

value remain fixed during all the maturity, because they are previously determined at the beginning of the 

contract (in fact, this type of security is called fixed income). So, any change in the value could be caused by 

the change of the time and by the change of yield to maturity. If the yield to maturity does not change, the 

value of the bond is called the “amortized value” of the bond. The changes differ if the bond is a par, premium 

or discount bond. In case of a premium bond, the price decreases with the increase of the time. In case of 

discount bond, the price arises with the time. Finally, the par bond value remains the same.  

For example, the yield to maturity is 11%, there are three different bonds with face value of $1,000, maturity 

10 years, semiannual payment and coupon rates of 6%, 11%, and 15%, So, the first coupon is a discount bond 

the third is premium bond. The table 1 shows the three different amortized values of the three bonds.  

 

Table 1 – Amortized Value of 6%, 11%, 15%-coupon Bonds at different maturities. 

Maturity 6% Bond 11% Bond 15% Bond 

10  701.24 $   1,000.00 $   1,239.01 $  

9.5  709.81 $   1,000.00 $   1,232.15 $  

9  718.85 $   1.000.00 $   1,224.92 $  

8.5  728.38 $   1,000.00 $   1,217.29 $  

8  738.45 $   1,000.00 $   1,209.24 $  

7.5  749.06 $   1,000.00 $   1,200.75 $  

7  760.26 $   1,000.00 $   1,191.79 $  

6.5  772.07 $   1,000.00 $   1,182.34 $  

6  784.54 $   1,000.00 $   1,172.37 $  

5.5  797.69 $   1,000.00 $   1,161.85 $  

5  811.56 $   1,000.00 $   1,150.75 $  

4.5  826.20 $   1,000.00 $   1,139.04 $  

4  841.64 $   1,000.00 $   1,126.69 $  

3.5  857.93 $   1,000.00 $   1,113.66 $  

3  875.11 $   1,000.00 $   1,099.91 $  

2.5  893.24 $   1,000.00 $   1,085.41 $  

2  912.37 $   1,000.00 $   1,070.10 $  

1.5  932.55 $   1,000.00 $   1,053.96 $  
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1  953.84 $   1,000.00 $   1,036.93 $  

0.5  976.30 $   1,000.00 $   1,018.96 $  

0  1.000.00 $   1,000.00 $   1,000.00 $  

 

The amortized value of discount bond increases as it approached maturity. The amortized value of premium 

behaves in opposition to the trend of the discount bond value and the amortized value of the par bond in fixed 

to the face value. 

The second way the price of a bond can change is because of the yield to maturity. Two bond with the same 

face value and the same coupon rate can have different values only because of yield to maturity. The prices, 

in table 2, is inversely related to the yield. The two bonds have the same face value of $1,000 and the same 

coupon rate of 8%.  

 

Table 2 – Prices of 15-year and 7-yeear Maturity Bond at different Yield to Maturity. 

YTM 15M Bond 7M Bond 

12%  724.70 $   814.10 $  

11.50%  739.75 $   819.92 $  

11%  755.46 $   825.89 $  

10.50%  771.87 $   831.99 $  

10%  789.01 $   838.25 $  

9.50%  806.93 $   844.65 $  

9%  825.67 $   851.21 $  

8.50%  845.27 $   857.94 $  

8%  865.79 $   864.83 $  

7.50%  887.28 $   871.89 $  

7%  909.79 $   879.12 $  

6.50%  933.39 $   886.54 $  

6%  958.13 $   894.14 $  

5.50%  984.08 $   901.94 $  

5%  1,011.32 $   909.94 $  

4.50%  1,039.92 $   918.14 $  

4%  1,069.97 $   926.55 $  

 

The second column bond has a maturity of 15 years, while the third column bond has a maturity of 7 years. 

The table 2 shows that, not only the price of the you bond is inversely related to the yield to maturity, but also 

that the volatility of the value is related to the maturity: the bigger is the maturity, bigger is the change of the 

value in case of the same change of the yield to maturity between different bonds. 



	 12	

  



	 13	

3. Duration 

In previous paragraph, it has been described the basic characteristics of the bond, that is the 

face value, coupon, maturity, the yield to maturity. The first is the value expressed on the bond, the second is 

the periodical cash payments, the third the whole time the investment lasts, and finally, the yield to maturity 

is the rate of return of the investment or the percentage improvement, gained by deciding to invest in that 

certain bond. At this point given the basic features, a saver who decides to buy a bond knows how much he 

must pay to make the investment, by calculating the price and by obtaining the relative valuation. Although at 

the time of trade the bond has a price “P0”, the price changes if the initial conditions change. The main elements 

that affect the bond price are not only the volatility of the yield to maturity, but the coupon rate and the maturity 

too. Each factor affects the valuation in a different and distinct way; so, in order to obtain a general law for 

the bond movement, it is introduced by different examples. 

Given a 10-year 7% semi-annual compounding Coupon bond whose face value is $100, its cash flow is: 

 

 

 

 

by considering a range of yield to maturity between the 5% to 9% with steps of 25 basis point6 in the yield to 

maturity, the relation between the bond price and the yield to maturity is inversely related, the price change 

from $115.59 with a YTM of 5% to $86.99 with a YTM equal to 9%. As it is shown in the table below, there 

is also a further observation: the lower is the level of yield to maturity, the change in the price is larger.  

Table 3 – Changes of the Bond Price at different Yield to Maturity 

YTM Price DPrice 
5% 115.59 $ - 

5.25% 113.48 $ -2.11 $ 
5.50% 111.42 $ -2.06 $ 
5.75% 109.41 $ -2.01 $ 
6.00% 107.44 $ -1.97 $ 
6.25% 105.52 $ -1.92 $ 
6.50% 103.63 $ -1.88 $ 
6.75% 101.80 $ -1.84 $ 
7.00% 100.00 $ -1.80 $ 
7.25% 98.24 $ -1.76 $ 
7.50% 96.53 $ -1.72 $ 
7.75% 94.85 $ -1.68 $ 
8.00% 93.20 $ -1.64 $ 
8.25% 91.60 $ -1.61 $ 
8.50% 90.03 $ -1.57 $ 
8.75% 88.49 $ -1.54 $ 

																																																								
6		The	one	basis	point	is	equal	to	0.01%.	

3.5	
t1	

3.5	
t2	

…	
…	

103.5	
t10	
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9.00% 86.99 $ -1.50 $ 
 

In fact, imagine the yield will decrease from 5.25% to 5%. The price gain is $ 2.11. On the other hand, if the 

reduction of the yield to maturity is from 9% to 8,75%, the price increase is only $ 1.50. 

So, the general rule that the example points out as follow is: 

 

“Given a fixed income stream, the percentage change in its value for a given change in the yield to maturity 

is larger the smaller the initial yield to maturity.”7  

 

The procedure can be adopted also to understand the movement of the bond price, keep fixed the maturity 

dates and the yield to maturity and by leaving free to change the coupon rate, that is by studying different bond 

that differentiate themselves in the coupon rate. So, the general rule states: 

 

“Given a fixed income stream with a given maturity and yield to maturity, the percentage change in its value 

is smaller the larger the coupon rate for any given change in the yield to maturity.”8 

 

Finally, it remains the change movement caused by the maturity. The percentage change of a bond price 

fluctuates with the maturity of the bond for a given change in the yield to maturity. So, the sensitivity of the 

bond price is greater the longer is the maturity to a given yield to maturity. In the table below, there are the 

prices of bond with maturity from 5 to 40, whose coupon rate is 6% semiannual compounding with face value 

of $ 1,000 and a yield to maturity equal to 4%. The 5-years bond price improves until a percentage of 8,89%, 

the 15-years one until $ 1,223.96. This inductive rule does not work for some discount bond. The trend of this 

discount bond has a maximum at some maturity and then, by tending the maturity to infinitive, the percentage 

increase, decrease at a limitation point.  

 

Table 4 – Changes due to Maturity 

The following rule: 

“For a par or premium bonds and mortgages the percentage 

increase in the price for a given decrease in the yield to maturity 

increases with maturity. For some discount bonds the percentage 

increase in price first increases with maturity and then decreases 

with maturity once maturity is large enough.”9 

																																																								
7 BIERWAG, Gerald O., Duration Analysis: Managing Interest Rate risk, (Cambridge, Mass.: Ballinger Publishing Company, 
1987), p. 53. 
8 BIERWAG, Gerald O., Duration Analysis: Managing Interest Rate risk, (Cambridge, Mass.: Ballinger Publishing Company, 
1987), p. 55.  
9 BIERWAG, Gerald O., Duration Analysis: Managing Interest Rate risk, (Cambridge, Mass.: Ballinger Publishing Company, 
1987), p. 57.	

Maturity Price 6% Change 
5 1,089.83 $ 8.98% 
10 1,163.51 $ 16.35% 
15 1,223.96 $ 22.40% 
20 1,273.55 $ 27.36% 
30 1,347.61 $ 34.76% 
35 1,374.99 $ 37.50% 
40 1,397.45 $ 39.74% 
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Although the three rules must be never forgotten, they can be summarized in one indicator called Duration. It 

is the weighted average of the times on which cash flows are promised, whose weighted are the percentage of 

the present value of each cash payment at the time considered over the price of the bond. 

𝐷 =	 𝑤A ∗ 𝑡
l

Am$

 

 

where the 𝑤A	is  

 

𝑤A =

𝑐 ∗ 𝐹𝑉
𝑛 ∗ 1

1 + 𝑖\ A∗\

𝑃 																							𝑡 < 𝑇

𝑤A =
𝐹𝑉 ∗ 1 + 𝑐

𝑛 ∗ 1
1 + 𝑖\ l∗\

𝑃 										𝑡 = 𝑇

 

 

Suppose there is a $10,000 face value 5% semi-annual compounding bond with yield to maturity of 7% and 

maturity 3 years. The calculation of the duration is pointed out in the table below. The first column shows the 

semesters the coupons are paid. The second column shows the cash flows of the bond. The third one shows 

the present value of the cash flow at t0. The second step is the computation of the weights: they are obtained 

by dividing each present value from the bond price. Finally, the last step consists of multiplying the present 

value and the weight and of summing all the factors, The computed duration is expressed in number of 

semesters; if the investment requires computation in years, it is necessary to divide by two because a semester 

are two part of one year. 

 

Table 5 – Computation of the duration of 5%-coupon Bond with 10,000 face value and with 7% YTM 

Time Cash Flow Present Value 𝑤A 𝑃𝑉 ∗ 𝑤A 
1 250.00 $ 241.55 $ 0.025514123 0.025514123 
2 250.00 $ 233.38 $ 0.024651327 0.049302653 
3 250.00 $ 225.49 $ 0.023817707 0.07145312 
4 250.00 $ 217.86 $ 0.023012277 0.092049108 
5 250.00 $ 210.49 $ 0.022234084 0.111170421 
6 10,250.00 $ 8,338.38 $ 0.880770483 5.284622895 
 9,467.14 $ 9,467.14 $ 1  
   Duration 2.81705616 

 

The duration can also be expressed in a continuous time, by using the continuous compounding. So: 

 

𝐷d =
𝑡 ∗ 𝐶𝐹A𝑒(dAl∗\

Am$

𝐶𝐹A𝑒(dAl∗\
Am$

 



	 16	

 

In addition to the function of the index of the characteristics of the bond, there are two more ways of how to 

use the duration: the first one is to consider the best moment in which to sell the bond in case of changing of 

the yield to maturity; the second as index of the volatility of the bond.  

According the first function, in case of changing the yield to maturity, the duration is the best moment in which 

to sell the bond. Suppose the Fed improves the treasury rate by improving it by 50 basis point. The same 

investor knows that has suffered a loss because of the interest market movement. In fact, the yield to maturity 

is higher, it means that the discount factors are lower and so the price of the bond is lower than before.  

To prove that suppose a bond, formed by two cash flow, the holder wants to know the price in the moment 

“h” between t1 and t2, it is represented below: 

 

𝑃t = 𝐶𝐹$𝑒d∗(t($) + 𝐶𝐹>𝑒(d∗(>(t) = 	𝐶𝐹$𝑒(d∗($(t) + 𝐶𝐹>𝑒(d∗(>(t) = (𝐶𝐹$𝑒(d + 𝐶𝐹>𝑒(d∗>) ∗ 𝑒dt

= 	𝑃< ∗ 𝑒dt 

 

where t1 is equal to 1 and t2 is equal to 2. 

Now, suppose that be the interest rate change of Dd: the price will be: 

 

𝑃t∗ = 𝐶𝐹$𝑒 d%∆d ∗ t($ + 𝐶𝐹>𝑒( d%∆d ∗ >(t = 𝐶𝐹$𝑒( d%∆d ∗ $(t + 𝐶𝐹>𝑒( d%∆d ∗ >(t  

 

what is necessary to prove is that there is a moment “h”, such that the value 𝑃t∗is at least the same of 𝑃t. 

 

𝑃t∗ = 𝐶𝐹$𝑒( d ∗ $(t 𝑒(∆d∗ $(t + 𝐶𝐹>𝑒( d ∗ >(t 𝑒(∆d∗ >(t

= 𝐶𝐹$𝑒( d 𝑒(∆d∗ $(t + 𝐶𝐹>𝑒( >d 𝑒(∆d∗ >(t ∗ 𝑒dt 

 

by computing the first derivative: 

 

𝑑𝑃t∗

𝑑𝛿 = − 1 − ℎ ∗ 𝐶𝐹$𝑒( d 𝑒(∆d∗ $(t − 2 − ℎ ∗ 𝐶𝐹>𝑒( >d 𝑒(∆d∗ >(t ∗ 𝑒dt

= − 1 − ℎ ∗ 𝑃𝑉$𝑒(∆d∗ $(t − 2 − ℎ ∗ 𝑃𝑉>𝑒(∆d∗ >(t ∗ 𝑒dt 

and the second derivative: 

 

𝑑𝑃t∗

𝑑𝛿> = 1 − ℎ > ∗ 𝑃𝑉$𝑒(∆d∗ $(t + 2 − ℎ > ∗ 𝑃𝑉>𝑒(∆d∗ >(t ∗ 𝑒dt ≥ 0 

 

the second derivative is higher than zero, so the function is concave. In order to 𝑃t∗ > 𝑃t, the function needs a 

minimum in 𝛿 = 0. So, it means: 
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𝑑𝑃t∗

𝑑𝑦 0 = 0 

 

𝑑𝑃t∗

𝑑𝑦 = − 1 − ℎ ∗ 𝑃𝑉$ − (2 − ℎ)𝑃𝑉> ∗ 𝑒dt = ℎ𝑃𝑉$ − 𝑃𝑉$ + ℎ𝑃𝑉>−2𝑃𝑉> = 0 

 

ℎ = 𝑃𝑉$+2𝑃𝑉>/(𝑃𝑉$+𝑃𝑉>) 

where 

𝑃 = 𝑃𝑉$+𝑃𝑉> 

𝑃𝑉$+2𝑃𝑉> = 𝑡$𝑤$ + 𝑡>𝑤> 

So: 

ℎ = 𝐷 

 

The third way to interpret the duration is to consider the duration as an index of the volatility of the bond price. 

The volatility is the relative variation of the price function, keeping fixed the yield to maturity 

 

𝑃 = 	 𝐶𝐹A𝑒(d∗A 

 

𝑑𝑃
𝑑𝛿 = 	 −𝑡 ∗ 𝐶𝐹A𝑒(d∗A ≅ lim

∆d→<

𝑃 𝛿 + ∆𝛿 − 𝑃 𝛿
∆𝛿  

 
𝑑𝑃
𝑑𝛿
𝑃 ≅

𝑃 𝛿 + ∆𝛿 − 𝑃 𝛿
∆𝛿 ∗ 𝑃 ≅

−𝑡 ∗ 𝐶𝐹A𝑒(d∗A

𝐶𝐹A𝑒(d∗A
= −𝐷 

 

It is the elasticity, that is the variation expressed as ratio over the value of the price before the variation.  

So, the variation of a bond can be expressed as a function whose independent variable is the duration. 

 

𝑃 𝛿 + ∆𝛿 ≅ 𝑃 𝛿 − 𝐷 ∗ ∆𝛿 ∗ 𝑃 𝛿 10 

𝑃 𝛿 + ∆𝛿 − 𝑃 𝛿
𝑃 𝛿 ≅ −𝐷 ∗ ∆𝛿 

 

This expression points out that the percentage variation of the bond price depends on the variation of the 

interest rate and on the value of the bond duration. “The larger the duration of a security, the larger the 

																																																								
10 In discrete time, the formula is different: 𝑃 𝑖 + ∆𝑖 ≅ 𝑃 𝑖 − y

$%#
∗ ∆𝑖 ∗ 𝑃 𝑖 . The term − y

$%#
 is called the Modified Duration. 
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percentage change in the security price for a given change in the yield to maturity.11” Moreover, the equation 

shows that the variation of the price is directly and linear related to the change of the yield to maturity. As 

argued before, that is not true because of the general rule between the price variation and the variation of the 

yield to maturity. The result of the equation is a good approximation in order to foresee the trend of the price, 

given small oscillation of the yield to maturity.  

The result before can be improved by writing the other elements of the Taylor’s polynomial12: 

𝑃 𝛿 + ∆𝛿 ≅ 𝑃 𝛿 − 𝐷 ∗ ∆𝛿 ∗ 𝑃 𝛿 +
𝑡> ∗ 𝐶𝐹A𝑒(d∗A

𝐶𝐹A𝑒(d∗A
∗ 𝑃 𝛿 ∗

∆𝛿>

2!

= 𝑃 𝛿 − 𝐷 ∗ ∆𝛿 ∗ 𝑃 𝛿 + 𝐶 ∗ 𝑃 𝛿 ∗
∆𝛿>

2!
13 

 

where C is called Convexity of the bond. It is the second derivative of price function or the second duration, 

whose definition is the squared weighted average of the periods of time.  

The duration is also an important tool to assess, not only the sensitivity of a bond, but also the bond portfolio 

one. There two different way to calculate the duration of a portfolio: the first, through the computation of the 

weighted average of the durations of the security; the second, by considering the cash flow of each bond as a 

unique bond and then by calculating the duration of the pseudo-bond. 

Suppose the portfolio has two kind of bond: the short-time bond with maturity 3 years, face value $100 and 

semiannual compounded 10% interest rate and the long-time semiannual compounded 10% interest rate with 

maturity 10 years and face value $1,000.  

The cash flows of the two bonds are: 

 

 

 

 

 

 

 

 

according the second method, the portfolio cash flow is: 

 

 

 

																																																								
11 BIERWAG, Gerald O., Duration Analysis: Managing Interest Rate risk, (Cambridge, Mass.: Ballinger Publishing Company, 
1987), p. 70. 
12 Taylor’s polynomial: 𝑇\ 𝑓, 𝑥 = 𝑓 𝑥< + 𝑓′ 𝑥< (𝑥 − 𝑥<) + 𝑓′′ 𝑥< 𝑥 − 𝑥< >($

>!
) + ⋯+ 𝑓 \ (𝑥<) 𝑥 − 𝑥< \( $

\!
) 

13 In discrete time, there is the Modified Convexity 𝐶 = $
$%# }

∗ 𝐷 𝑖 + 𝐶 𝑖  
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so, the duration of the portfolio with one 3-years bond and one 10-years bond is 12.38.  

According the first method, the first step is to compute the durations of each bond. (In this case they are 5.33 

and 13.09.) For the second step, it is necessary the weight for each bond, that is: 

 

𝑤~� = 𝑝\ ∗
𝑛
𝑉 

 

where p is the price of the bond, n is the number of the bonds, and V is the value of the portfolio. So, the 

duration of the portfolio is 𝐷 = $<<
$$<<

∗ 5.33 + $<<<
$$<<

∗ 13.09 = 12.38. 
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II. IMMUNIZATION 

 

1. Investment Accumulation and duration 

By investing in fixed-income security, the investor will face two types of interest risk: Price 

risk and Reinvestments risk. The price risk is the risk of changing the value of the security because of the 

change of the interest rate and the reinvestment risk is the “level of earnings on any reinvestments of cash flow 

during the period”. In case of increasing the interest rate, the value of the fixed-income security decrease, but 

that improvement implies greater rate of returns for reinvestment of the future cash flows; on the other side, if 

the yield decreases, the bond value improves but the rate of return for the future reinvestments decreases too. 

So, the change of the yield affects the investment through two ways, and according to the different securities, 

one may prevail on the other. The price risk and the reinvestment risk can be described by the duration of the 

investment in the fixed-income. In fact, “the time required for investment accumulation to offset any capital 

gain or loss from any change in yield is exactly equal to the initial duration of the portfolio.14” The price risk 

change has been explained by the approximation of the percentage change, computed with the duration and 

the change of the yield:  � d%∆d (� d
� d

≅ −𝐷 ∗ ∆𝛿.  

Regarding the reinvestment risk, in the previous chapter, the duration is also the best time to leave the 

investment to obtain the yield, fixed before, in case the yield changes. To prove this result, the assumption 

was that the value in time “h” between the time 1 and time 2 was:  

 

𝑃t = 𝐶𝐹$𝑒d∗(t($) + 𝐶𝐹>𝑒(d∗(>(t) 

 

that is, the cash flow in time 1 is capitalized until the time “h”. The amount received in time 1 is reinvested at 

the continuously compounding interest rate. It means that duration can be used to analyze the reinvestment 

risk too.  

This result can also obtain in a different way. Suppose the value of the investment is 𝑉 = 𝑉 𝑟  where r is the 

yield to maturity at which all the securities are priced and the value of the investment is a function of r. 

Imagine that instantly at the time of pricing, the r increases or decreases so that the 𝑉 = 𝑉(𝑟�), where r’ is the 

new yield to maturity. If 𝑟� > 	𝑟, there will be an instant loss in the value of the investment; on the other side, 

if	𝑟� < 	𝑟, the investment value will increase. Finally, in case the yield to maturity does not vary, the 

investment grows at the initial yield to maturity r: so, the value at time k is  𝑉(𝑟)� = 𝑉 𝑟 ∗ 1 + 𝑟 �. On the 

other hand, the change in the yield to maturity allows the investment to grows at a different rate of return. If 

the yield increases, the investment value will suffer an instant loss but, then it will grow at greater rate, 

whereas, in case the yield decreases, the investment arises instantly but, then it will grow at a lower rate of 

return: at tk, the value is 𝑉(𝑟′)� = 𝑉 𝑟′ ∗ 1 + 𝑟′ �. The two different functions are the mathematical 

																																																								
14 BIERWAG, Gerald O., Duration Analysis: Managing Interest Rate risk, (Cambridge, Mass.: Ballinger Publishing Company, 
1987), p. 91. 
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representation of the trend of the bond value in the case of the yield to maturity changes. The two functions 

have not the same features. In fact, the slopes are different because the grow rates are different and there are 

two intersection with the y-axis. Given this features, it’s possible to imagine that, during the maturity the two 

functions intersect in a point in time. It means that, in spite of the change of the yield to maturity, the two 

functions have the same value. As demonstrated in the previous chapter, that point in time is the duration.  

For example, suppose that the mutual fund wants to invest $1,000,000 in two kinds of bond with face value of 

$1,000 and coupon rate of 10%. The first bond maturity is 10 years and the second bond maturity is 20 years.  

The mutual fund wants that the duration of the investment is the 17 semesters that is 8 years and a semester. 

Otherwise, the bonds are par bonds at the purchase. The duration of the two bonds are 13.085 and 18.017, so 

the number of Bond A the fund purchases is given by the follow equation:  

 

𝐷 = 𝐷� ∗ 𝐵� + 1 − 𝐵� ∗ 𝐷~ 

 

where 𝐵� = 𝑃 ∗ 𝑛/𝑉, D is the duration objective and 𝐷�and 𝐷~ are the durations of the two bonds. 

The datum that is looked for is 𝐵�;so, 

 

𝐵� =
𝐷 − 𝐷~
	𝐷� − 𝐷~

 

By substituting: 

 

𝐵� =
𝐷 − 𝐷~
	𝐷� − 𝐷~

= 𝑃 ∗
𝑛
𝑉 

 

So, the number of bonds A that the fund purchases is: 

 

𝑛� =
𝐷 − 𝐷~
	𝐷� − 𝐷~

∗
𝑉
𝑃 

 

𝑛� =
17 − 18.017

13.085 − 18.017 ∗
$1,000,000
$1,000 = 206 

 

𝑛~ = 794 

 

So, the value to invest in bond A is $206,000 and the value for bond B is $794,000. The table shows how the 

value of the portfolio changes when the yield to maturity changes. In K = 0 the value of portfolio decreases if 

the yield goes up and vice versa when the yield goes down, the value increases. Moreover, in k = 17, both the 

yield increases or decreases, the value of the portfolio does not decrease from the value fixed at the beginning 
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of the investment. It means that any change in the yield does not affect the profit that was expected at the time 

of the duration. 
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Table 6 – Values of the Portfolio at different yield to maturity and at different Maturity  

 



	 24	

If an investor should invest in some fixed-income security, it must decide the period his money are fixed in 

that investment. The planning period is the period in which the investment is active. A portfolio of fixed-

income securities is said to be immunized when the portfolio return is immune from changes in interest rate, 

namely the rate of return can fall below the level of the return: so, the planning period should be equal to the 

duration. This results can state the follow definition and rules: 

 

“If a portfolio of securities is selected so that its duration is exactly equal to the length of the planning period, 

the portfolio is immunized so that the annual realized rate of return can never fall below the initial yield to 

maturity at which the securities were purchased.15” 

 

“If the portfolio duration exceeds the length of the planning period, capital gain or losses incorporated into the 

annual realized rate of return and resulting from initial yield changes will dominate the reinvestment return 

over the planning period.16” 

 

“If the portfolio duration is less than the planning period, the reinvestment return incorporated into the realized 

rate of return will dominate any initial capital gain or loss resulting from yield changes.17” 

  

																																																								
15 BIERWAG, Gerald O., Duration Analysis: Managing Interest Rate risk, (Cambridge, Mass.: Ballinger Publishing Company, 
1987), p. 96. 
16 BIERWAG, Gerald O., Duration Analysis: Managing Interest Rate risk, (Cambridge, Mass.: Ballinger Publishing Company, 
1987), p. 96. 
17 BIERWAG, Gerald O., Duration Analysis: Managing Interest Rate risk, (Cambridge, Mass.: Ballinger Publishing Company, 
1987), p. 97. 
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2. Immunization Fisher and Weil and Redington  

The immunization refers to the problem of the financial equilibrium, formed by complex 

portfolios of positive and negative cash flows whose describes the investor’s behavior.  

The variable of the problem are the cash flows of the portfolio, that are known for certain at time of the 

problem; and the structure of the interest rate that is forecasted by the market information at the time of the 

valuation. A portfolio is in a financial equilibrium if the present value of the positive cash flows and the 

negative ones are equal at time of valuation, forecasted the market interest rate structure.  

So, the immunization is the methods that allows to express the distribution of the positive and negative cash 

flows similar in order to be equally vulnerable to any shift in the interest rate structure. 

The starting assumption of the classic approach to this problem is that the interest rate is subjected to only 

additive shift. It means that, given the interest rate structure, the trend of the interest rate remains constant and 

it suffers parallel shift. Formally, the hypothesis is: 

 

𝛿 𝑡�, 𝑠 = 	𝛿 𝑡, 𝑠 + 	𝑍 𝑡, 𝑡� 			∀	𝑡� ≥ 𝑡			∀	𝑠 ≥ 𝑡′ 

 

where Z is a random variable that means the additive shift, suffered in the time interval between t and t’. So, 

the interest rate in t’ will assume the same value that is assumed in t with the addition of the term Z that is 

independent by the interest structure and it do not modify the form of curve 𝛿 𝑡, 𝑠 .  

The formal definition of the financial equilibrium is the second tools to introduce then the immunization 

theorems. Given positive cash flow x with flow (x1 x2 …xn) and negative cash flow y with payment (y1 y2 …yn) 

that are in financial equilibrium in time t:  

 

𝑊 𝑡, 𝑥 = 	𝑊(𝑡, 𝑦) 

 

where the W means that the present value of the positive cash flow is equal to negative one; the two cash flows 

are called immunized if the post-additive shift value of the positive cash flow x is not minor of the post-

additive shift value of the negative cash flow y: 

 

𝑊 𝑡%, 𝑥 ≥ 	𝑊(𝑡%, 𝑦) 

 

where t+ is the instant in which the shift is effective, or equally, if the net value of the portfolio is not negative 

at the time of the shift: 

 

𝑊� 𝑡% = 𝑊 𝑡%, 𝑥 − 	𝑊(𝑡%, 𝑦) 

 

where 𝑊� 𝑡% is the net value of the portfolio. 
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At this point, the dissertation will point out the different strategies to achieve the financial equilibrium. The 

research in this field aims to find a different solution to the maturity matching, that is the selection of the 

matching of the positive and negative cash flows at the same time t for each different flow.  

The first theorem is the Fisher and Weil’s theorem. Given that 𝛿 𝑡, 𝑠  is the continuous interest rate, that 𝐿 >

0 is a payment owed at time H > t, and x is the positive cash flow at time (t1 t2 …tn); it states that a portfolio is 

in financial equilibrium at time t if the investment flow present value is equal the value of the only negative 

payment of the liability: 

 

𝑊 𝑡, 𝑥 = 	𝑊(𝑡, 𝐿)18 

 

and it is immunized if the post-shift value of x is not minor of the present value of L: 

 

𝑊 𝑡%, 𝑥 ≥ 	𝑊(𝑡%, 𝐿) 

 

if and only if the duration of the cash flow x, calculated in time t, is equal to the maturity of L: 

 

𝐷 𝑡, 𝑥 = 	𝐻 − 𝑡19 

 

The first theorem gives an operative rule in order to choose portfolio with immunized value at time t with 

effect in time 𝑡%. Moreover, this results is a useful arbitrage strategy20 that can be applied to bond with similar 

features such as the all the types of the US-government bond. 

The improve the result of the first theorem by analyzing the result during the time, it necessary to introduce 

the following theorem whose objective is to guarantee that the immunization condition, in case of no change, 

will remain valid until the next movement of the interest rate structure.  

Suppose the 𝛿 𝑡, 𝑠 ,	𝑠 ≥ 𝑡 is the continuous interest rate, that L > 0 is the payment in time H > t and that the 

x is the cash flow at time (t1 t2 …tn). Suppose that the budget constrain and the duration condition are satisfied. 

Then, if the interest rate structure does not suffer any random perturbation until the instant 𝑡’	 < 	 𝑡$, for all 

instant 𝑡	 ∈ [𝑡<, 𝑡�], the budget constraint condition and the duration condition are still satisfied.  

 

The result is an important rule of managing the immunized portfolio for discrete periods21. 

According to Fisher and Weil, an example of immunization is the following 

																																																								
18 This condition is called Budget constraint condition  
19 This is the duration condition 
20 It is the practice of taking advantage of a price difference between two or more markets: striking a combination of matching 
deals that capitalize upon the imbalance, the profit being the difference between the market prices. 
21 The assumption in the dissertation is that any result is in continuous time, that is by considering instant periods whose interval 
length is infinitesimal. 
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The investor wants to build a portfolio to cover an payment L= $1000 at maturity 5 years, by choosing two 

zero-coupon bond with maturity 𝑡$ = 4 and 𝑡> = 7. Given a flat yield curve, whose continuously compounding 

interest is 𝛿 = 15%, the condition that must be followed are: 

 

𝛼$𝑣 𝑡, 𝑡$ + 𝛼>𝑣 𝑡, 𝑡> = 𝐿	𝑣 𝑡, 𝐻
𝑡$ − 𝑡 𝛼$𝑣 𝑡, 𝑡$ + 𝑡> − 𝑡 𝛼>𝑣 𝑡, 𝑡> = (𝐻 − 𝑡)𝐿	𝑣 𝑡, 𝐻  

 

in order to know the proportion of the zero-coupon bonds: 

 

𝛼$ = 𝐿
𝑣 𝑡, 𝐻 𝑡> − 𝐻
𝑣 𝑡, 𝑡$ 𝑡> − 𝑡$

𝛼> = 𝐿
𝑣 𝑡, 𝐻 𝐻 − 𝑡$
𝑣 𝑡, 𝑡> 𝑡> − 𝑡$

 

 

So, the values are: 𝛼$ = 573.80	𝑎𝑛𝑑	𝛼> = 449.95. 

Suppose that in 𝑇	 = 	0.25 the yield curve changes and there is an additive shift Y = -3%. The portfolio net 

value and the duration condition change: 

 

𝑊� =	𝛼$𝑣 𝑡 − 𝑇, 𝑡$ + 𝛼>𝑣 𝑡 − 𝑇, 𝑡> − 𝐿	𝑣 𝑡 − 𝑇,𝐻 = 0.060872 

 

𝐷� =
(𝑡� − 𝑇)𝛼�𝑒(d(A�(l)>

�m$

𝛼�𝑒(d(A�(l)>
�m$

− 𝐻 − 𝑇 = 0.514178 

 

The change in the yield curve improves the value of the portfolio and mismatch the duration and liability 

maturity, too. In order to rematch the condition the new proportion of the portfolio are: 

 

𝛼$ = 591.28		𝛼> = 423.75 

 

By introducing the Redington’s theorem, the immunization strategy, achieved by Fisher and Weil is only an 

simplified case, in fact the assumption is that the negative cash flow consists of only one payment. Generally, 

the banks and institutional funds build portfolio with numerous assets and liabilities in order to maintain the 

structure of the portfolio as more flexible as possible, for example a bank can enter in a short position22 of a 

mortgage backed security23or apply for a loan to the central bank and so it is obligated to a sequence of 

payment. In those cases, the yield risk can generate losses of millions so the bank really need to immunized 

their portfolio effectively. 

																																																								
22 A short position is taken when the bond is sold  
23 A financial strument in which are pooled a totality of mortgage in order to form a diversified portfolio of mortgage. 
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In Redington’s theorem, suppose that the 𝛿 𝑡, 𝑠  is the continuous interest rate, that x and y are the positive 

and negative cash flows at time (t1 t2 …tn) and their present value are equal in time t: 

 

𝑊 𝑡, 𝑥 = 	𝑊(𝑡, 𝑦)24 

 

If the yield curve suffers an additive shift  in time 𝑡%, then the post shift positive value of x is not minor than 

the post-shift negative value of y: 

 

𝑊 𝑡%, 𝑥 ≥ 	𝑊(𝑡%, 𝑦) 

 

if the duration of x is equal to the duration of y  

 

𝐷 𝑡, 𝑥 = 𝐷 𝑡, 𝑦 	25 

 

and the convexity of the x is not minor than the convexity of y: 

 

𝐶 𝑡, 𝑥 ≥ 𝐶 𝑡, 𝑦 	26 

  

																																																								
24 This condition is called Budget constraint condition.  
25 This is the duration condition. 
26 This is the convexity condition. It is the second derivative of price function or the second duration, whose definition is the 
squared weighted average of the periods of time. 
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3. Master Classic Immunization 

The Fisher and Weil’s theorem states the condition to immunize a portfolio of a positive cash 

flow and of a payment at maturity. The Redington’s theorem states the general condition to immunize a 

portfolio formed by positive and negative cash flows. The first theorem can be considered as a special case of 

the second one: the duration of a single payment or of a zero-coupon bond is the maturity. Stated this 

observation, the problem of the immunization of a negative cash flow can be divided in many operations, 

formed by a single payment of the starting cash flow. The sufficient condition for the immunization is that the 

starting portfolio can be decompose in m portfolios that immunize the different payments of the flow y such 

as the Fisher and Weil’s theorem. It means that the following properties are valid: 

 

𝑐��

T

�m$

= 𝑥�							𝑘 = 1, 2, 3, … ,𝑚 

 

𝑐��𝑣(𝑡, 𝑡�)
T

�m$

= 𝑦�𝑣 𝑡, 𝑡� 								𝑗 = 1, 2, 3, … ,𝑚 

 

𝑡�𝑐��𝑣 𝑡, 𝑡�T
�m$

𝑦�𝑣 𝑡, 𝑡�
= 𝑡�						𝑗 = 1, 2, 3, … ,𝑚 

 

where the first expression means that the generic positive cash flow x is expressed as the sum of the c 

components; where the followed two expressions represent the budget constraints and the duration conditions 

that must be satisfied simultaneously. This approach is not specified in the Redington’s theorem and, hence, 

the in order to reformulate the decomposition criterion in a formal and mathematical way, the two 

mathematicians Oldrich Vasicek and Gifford Fong introduced the general immunization theorem for additive 

shift in 1982. 

Suppose that the 𝛿 𝑡, 𝑠  is the continuous interest rate, that x and y are the positive and negative cash flows at 

time (t1 t2 …tn) and their present value are equal in time t. If the yield curve suffers at time 𝑡%an additive shift 

with random change, then the post-shift value of the flow x is not minor than the post-shift value of y: 

 

𝑊 𝑡%, 𝑥 ≥ 	𝑊(𝑡%, 𝑦) 

 

if the following conditions are valid: 

 

𝑊 𝑡, 𝑥 = 	𝑊(𝑡, 𝑦)27 

																																																								
27 This condition is called Budget constraint condition.  
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𝐷 𝑡, 𝑥 = 𝐷 𝑡, 𝑦 	28 

 

𝑡� − 𝑡� 𝑥�𝑣(𝑡, 𝑡�)
T

�m$

≥ 𝑡� − 𝑡� 𝑦�𝑣 𝑡, 𝑡�

T

�m$

											𝑗 = 1, 2, 3, … ,𝑚 

 

this theorem has two important conclusions that allow the theorem to be the general immunization theorem. 

The first one is the fact that the results are valid to for convex shifts. These shifts are a general class of shifts 

between which there are the additive shift. The proof is given by the Karamata’s theorem. Given a shift equal 

to Y(s), it is a convex shift if the function: 

 

𝑓 𝑠 = 	 𝑒( � � '��
� ,							𝑠 ≥ 𝑡 

 

has the second derivative not negative: 

 

𝑑>

𝑑𝑠> 	𝑓 𝑠 =
𝑑>

𝑑𝑠> 𝑒
( � � '��

� = 𝑌> 𝑠 − 𝑌� 𝑠 𝑒( � � '��
� ≥ 0 

 

So, 

 

	𝑌> 𝑠 ≥ 𝑌� 𝑠  

 

The second conclusion is that the Redington’s theorem is contained in the general immunization theorem 

which is demonstrate by the equivalence theorem. So, by satisfying the third condition of the general 

immunization theorem, is also satisfied the convexity condition of Redington’s theorem. 

Vasicek and Fong did not stop only at the previous point: the first assumption of the classic immunization 

theory is that any change in yield curve is additive. During the years, many mathematicians built models in 

order to improve the immunization theory and introduced model based on different yield trend. The modelling 

was not improved but there was added only different models that used only different condition to explain the 

different movement. Vasicek and Fong in 1982-83 published a paper which points out a new model that 

explains any yield curve movement based on any random shift. 

Suppose that the 𝛿 𝑡, 𝑠  is the continuous interest rate, that x and y are the positive and negative cash flows at 

time (t1 t2 …tn) and their present value are equal in time t. 

 

																																																								
28 This is the duration condition. 
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𝑊 𝑡, 𝑥 = 	𝑊(𝑡, 𝑦)29 

 

If the yield curve suffers at time 𝑡%a shift such that: 

 

𝛿 𝑡%, 𝑠 = 	𝛿 𝑡, 𝑠 + 	𝑌 𝑠 		 

 

with Y(s) function provided by first continuous and superiorly limited derivative, and if the following 

condition are valid: 

 

𝐷 𝑡, 𝑥 = 𝐷 𝑡, 𝑦 	30 

 

𝑡� − 𝑡� 𝑥�𝑣(𝑡, 𝑡�)
T

�m$

≥ 𝑡� − 𝑡� 𝑦�𝑣 𝑡, 𝑡�

T

�m$

											𝑗 = 1, 2, 3, … ,𝑚 

 

then between the post-shift value of the flow x and the post shift value of the flow y there is the following 

relation: 

𝑊 𝑡%, 𝑥 ≥ 	𝑊 𝑡%, 𝑦 +𝑊 𝑡, 𝑦 𝐾 𝐶 𝑡, 𝑥 − 𝐶 𝑡, 𝑦  

 

where K is random variable with real values: 

 

𝐾 =
1
2 𝑖𝑛𝑓��A

𝑑>

𝑑𝑠> 𝑒
( � � '��

�  

 

Generally, the factor 𝐶 𝑡, 𝑥 − 𝐶 𝑡, 𝑦  is substituted by 𝑀�
> (𝑡). 

 

𝑀�
> 𝑡 = 𝐶 𝑡, 𝑥 − 𝐶 𝑡, 𝑦  

 

This value can be considered as a dispersion measure that is a measure that points out the volatility or the 

distribution of value of shifts. In other terms, it is the portfolio risk that the portfolio is immunized by a convex 

shift variations. A portfolio that is immunized by convex shifts is called optimally immunized at minimum 

risk. So, in order to build a portfolio of fixed-income securities, the minimization of 𝑀�
> (𝑡) is a way to 

improve the lower bound31 and the optimal strategy to protect the portfolio also if the lower bound can be 

negative. 

																																																								
29 This condition is called Budget constraint condition  
30 This is the duration condition 
31 The lower bound is the minimum level of value the portfolio can achieve given a random shift of the yield curve. 
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The results point out here are join under the nomination of Classic immunization theory or Semi-deterministic 

immunization. Thanks to the joint with the probability theory and thanks to important results such as the ito’s 

lemma, the Black and Schools option pricing theory and the improvement of the general stochastic theory, to 

the classic immunization it is added a new theory called the stochastic immunization. It will not be discussed 

but it only cited so that the dissertation keeps on following its purpose. 
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III. HEDGING FIXED-INCOME SECURITIES 

 

1. Introduction to Hedging 

The hedging is a method with which an investor takes an investment position to offset the 

potential losses and gains that may be incurred by a companion investment, that is the investor reduces any 

risk related to a financial position by avoiding losses or limiting the gains. The main instruments used in 

finance are all the totality of derivatives and all the complex financial instruments the mathematical finance 

has been able to create: the most famous are futures, forwards, options, future options, swaps but asset-backed 

securities and Asian options too. The list of the different derivatives always become longer and longer, and 

the features of each one are different between them. 

In order to give a general definition, a derivative is a financial instrument whose value depends on the value 

of an underlying one32.A derivative is traded in two different markets: the first market is the clearing house 

and the second one is the over-the counter market. The most famous clearing house are the Chicago Board of 

Trade and the Chicago Mercantile Exchange, a clearing house is a market in which derivatives are traded as 

standardized contracts that have been defined by the exchange. Instead, the over the counter market is market 

formed by the totality of dealers33 that participate to the market.  

Two important derivatives are the futures and the forward. A forward contract is an agreement to buy or sell 

an underlying asset at certain future time for a certain price34. The part that agrees to buy the underlying asset 

is said that has a long position in the future contract; instead the part that will sell the underlying asset has a 

short position. So, in case the price of the asset is greater than the fixed price agreed in the contract, the long 

position can make a profit by selling the asset; instead, if the price is smaller than the agreed price, the short 

position can buy the asset at the market price and sell it at the bigger price fixed by the contract. 

A future is an agreement between two parties to buy or sell an asset at a certain time in the future for a certain 

price35. Reading the definition, the two are the same contract but there are few differences between them. The 

futures are traded on the exchanges, they are standardized contract, settled daily and there is a fixed range of 

delivery dates; generally, they are closed out36 prior to maturity and the exchange assure that there is no credit 

risk. The forward contract is a private contract between two part and it is not standardized and it is settled at 

the end of the contract. There is usually one delivery date and delivery or final cash settlement usually takes 

place at maturity. Moreover, the forward suffers the counterpart risk, namely the risk that the other part do not 

deliver or settle the contract.  

The basic principle of hedging a risk by using the future markets is to take a position that neutralizes the risk. 

By the way, there are two different types of hedging: the short hedge and long hedge. 

																																																								
32 The underlying could be any kind of product: such as assets, commodities, currency, even the weather.  
33 A dealer is a financial intermediary that build his own portfolio by buying and by selling securities.  
34 HULL, John C, Options Futures and Other Derivatives, 7th Edition, (Toronto: Pearson Education International, 2009), p.3-4. 

35 HULL, John C, Options Futures and Other Derivatives, 7th Edition, (Toronto: Pearson Education International, 2009), p. 6. 
36 closing out a position means to enter into the opposite trade to the original one. 
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A short hedge is a hedge that involves a short position in a future contract. “A short hedge is appropriate when 

the hedger already owns the asset and expect to sell it at some time in the future”37. A classic example is the 

one about the farmer. A farmer will have his crop in May, but he does not know if the price in May is different 

from the time in which is done the valuation. So, the farmer can enter in a future contract to lock the selling 

price at time 0.  

A long hedge is a hedge that involves a long position in a future contract. “A long hedge is appropriate when 

the company knows it should purchase a certain asset in the future and wants to lock in the price”38. Moreover, 

“the long hedges are used to manage an existing short position”39 Imagine a company should purchase a fixed 

amount of iron in time 1, the company can decide to enter in a future contract in time 0 to lock in the price in 

order to avoid the implied risk of the price movement.  

Given the theory of the hedging, it seems any investor is able to remove any risk related to his existing position. 

In practice, there are same complexities that allows the hedge not to be perfectly safe. “The reason are as 

follows: 

 

1. The asset whose price is to be hedge may not be exactly the same as the asset underlying the future 

contract. 

2. The hedger may be uncertain as to the exact date when the asset will be bought or sold. 

3. The hedge may require the future contract to be closed out before the delivery month.”40 

 

All these problems can be summarized through the concept of basis risk. 

The basis is the difference between the spot price of the contract to be hedged and the future price of the 

contract used at any given time. 

 

𝐵𝑎𝑠𝑖𝑠 = 𝑆𝑝𝑜𝑡	𝑃𝑟𝑖𝑐𝑒 − 𝐹𝑢𝑡𝑢𝑟𝑒	𝑝𝑟𝑖𝑐𝑒	 

 

if the asset to be hedged and the underlying asset of the future contract is the same, then the basis is equal to 

zero at the expiration of the future contract. As time passes, the basis changes and so, there is a strengthening 

of the basis if the basis increases or a weakening of the basis if the basis decreases. 

Consider a situation in which the investor takes a short future position in time 1 to sell an asset in time 2. The 

effective price that is obtained for the asset with hedging is therefore: 

 

𝑆> + 𝐹$ − 𝐹> = 𝐹$ + 𝑏> 

 

																																																								
37 HULL, John C, Options Futures and Other Derivatives, 7th Edition, (Toronto: Pearson Education International, 2009), p. 46. 
38 HULL, John C, Options Futures and Other Derivatives, 7th Edition, (Toronto: Pearson Education International, 2009), p. 47. 
39 HULL, John C, Options Futures and Other Derivatives, 7th Edition, (Toronto: Pearson Education International, 2009), p.47 
40 HULL, John C, Options Futures and Other Derivatives, 7th Edition, (Toronto: Pearson Education International, 2009), p. 51 
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where 𝑏> is the basis at time 𝑡>, 𝑆>is the spot price in time 𝑡$, 	𝐹$ is the price of the future contract at time 𝑡$ 

and 𝐹> is the price of the future contract at time 𝑡>. 

Defining 𝑆>∗ as the price of the asset underlying the future contract at time 2, the previous formula can be 

written: 

 

(𝑆> − 𝑆>∗) + 𝐹$ + 𝑆>∗ − 𝐹> 	 

 

The terms 𝑆> − 𝑆>∗ and 𝑆>∗ − 𝐹> represent two components of the basis risk. “The 𝑆>∗ − 𝐹> term is the basis that 

would exist if the asset being hedged were the same as the asset underlying the future contract. The 𝑆> − 𝑆>∗ 

term is the basis arising from the difference between the two assets”41.  

 

  

																																																								
41 HULL, John C, Options Futures and Other Derivatives, 7th Edition, (Toronto: Pearson Education International, 2009), p. 53. 
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2. Interest Rate Future 

A future contract is an agreement between two parties to buy or sell an asset at a certain time 

in the future for a certain price. Because the future is a contract, the exchange must specify in some detail the 

exact nature of the agreement between the two parties: in particular, the asset, the contract size, where and 

when the delivery will be made in case the last information are necessary. The asset can be any tradable asset 

in the market: for instance, commodities, currencies, assets, indexes and even the interest rate. The contract 

size is the most important feature to specify. It is the amount of the assets that should be delivered under one 

contract. If the size is too large the smaller investor is unable to hedge small risk or portfolio. If the size is too 

small, the transaction costs related to de hedge arise because the investor needs to buy more contracts. 

The delivery arrangement is the clause about where the delivery will be made. It is particularly important for 

the commodities that involve significant transportation costs. Finally, the delivery months, that is the clause 

about the time in which the contract will be set. Beyond these four feature, the exchange specifies three features 

more: the price quote, that is how the price will be quoted for example the treasury bond are quoted in dollars 

and thirty-second of dollar; the limit up/down, that is the limit the exchange fixes from the previous day’s 

close; and finally, the position limit that is the maximum number of contracts that an investor may hold. 

The future discussed in this paragraph is the interest rate future. It is the future used to hedge the risk derived 

by the interest rate movements. The interest rate future that is traded in the Chicago Board of Trade is the 

treasury bond future.  

First it is important to introduce the treasury bond convention about the day count and quotation. 

“The day count defines the way in which interest rate accrues over time”42. An investor knows the interest 

fixed in a reference period (for example semi-annually) but the day count is useful to know the interest earned 

in different periods. The interest earned between two periods is 

 

𝑁𝑢𝑚𝑏𝑒𝑟	𝑜𝑓	𝑑𝑎𝑦𝑠	𝑏𝑒𝑡𝑤𝑒𝑒𝑛	𝑝𝑒𝑟𝑖𝑜𝑑𝑠
𝑁𝑢𝑚𝑏𝑒𝑟	𝑜𝑓	𝑑𝑎𝑦𝑠	𝑖𝑛	𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒	𝑝𝑒𝑟𝑖𝑜𝑑𝑠 ∗ 𝐼𝑛𝑡𝑒𝑟𝑒𝑠𝑡	𝑒𝑎𝑟𝑛𝑒𝑑	𝑖𝑛	𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒	𝑝𝑒𝑟𝑖𝑜𝑑 

 

The day count convention that are usually used are: 

• Actual/Actual 

• 30/360 

• Actual/360 

The Actual/Actual conversion is the day count used for treasury bonds in the United States. Suppose an 

investor wants to know the interest earned between March 1 and July 3 of a $1,000 face value bond with semi-

annual coupon rate of 8% and the reference period is March 1 – September 1. The computation of the interest 

is so: 

																																																								
42 HULL, John C, Options Futures and Other Derivatives, 7th Edition, (Toronto: Pearson Education International, 2009), p. 129. 
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124
184 ∗ 40 = 26.957 

 

Imagine that the bond traded has the same characteristics of the previous Treasury Bond, but is either a 

corporate or a Municipal bond whose day count is 30/360. The interest earned is: 

 

122
180 ∗ 40 = 27.111 

 

Finally, the Actual/360 convention is used for money market instruments such as the treasury bills, and so: 

 
124
180 ∗ 40 = 27.556 

 

The price quotations differ between the treasury bills and the treasury notes. Although they are two fixed-

income securities issued by the United States, the treasury bill is a money-market contract whereas the treasury 

note is more complex bond. 

The quotation of the treasury bill is represented by the annual rate of interest. So, the price is computed by: 

𝑄 =
360
𝑛 100 − 𝑃  

 

where Q is the quotation and P is the effective price the buyer must pay to be the owner of the bill. 

On the other side, the Treasury Bond prices are quoted in dollars and thirty-seconds of a dollar. So, the quote 

of a $1,000 face value treasury bond could be 950-1343. The price of the bond is 950 + $?
?>
= 950.41	$. 

The price an investor pays for purchasing a treasury bond is not only the quoted price. The cash price is the 

sum of the quoted price and the accrued interest since last coupon date: 

 

𝐶𝑎𝑠ℎ	𝑃𝑟𝑖𝑐𝑒 = 𝑄𝑢𝑜𝑡𝑒𝑑	𝑃𝑟𝑖𝑐𝑒 + 𝐴𝑐𝑐𝑟𝑢𝑒𝑑	𝐼𝑛𝑡𝑒𝑟𝑒𝑠𝑡 

 

where the accrued interest is computed through the Actual/Actual convection explained early. 

The most popular interest rate futures are: Treasury Bond future, Treasury Note future and 5-years Treasury 

Notes. “In the Treasury Bond future, any government bond that has more than 15 years from that day can be 

delivered. With Treasury Note futures, any government bond with maturity between 6 $
>
 and 10 years can be 

delivered. In the 5-years Treasury Note futures contract, the bond delivered has a remaining life that is about 

4 or 5 years”44. 

																																																								
43 It is the general nomenclature to price Treasury Bonds 
44 HULL, John C, Options Futures and Other Derivatives, 7th Edition, (Toronto: Pearson Education International, 2009), p. 132 
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“The price of a Treasury bond future is quoted in the same way as the Treasury Bond prices”45. It is: 

 

𝐶𝑎𝑠ℎ	𝑃𝑟𝑖𝑐𝑒 = (𝑅𝑒𝑐𝑒𝑛𝑡	𝑠𝑒𝑡𝑡𝑙𝑒𝑚𝑒𝑛𝑡	𝑃𝑟𝑖𝑐𝑒 ∗ 𝐶𝑜𝑛𝑣𝑒𝑛𝑠𝑖𝑜𝑛	𝑓𝑎𝑐𝑡𝑜𝑟) + 𝐴𝑐𝑐𝑟𝑢𝑒𝑑	𝑖𝑛𝑡𝑒𝑟𝑒𝑠𝑡 

 

where the conversion factor is the ratio between the price of the underlying asset and the face value  

Imagine a 7% semi-annual coupon rate and $100 face value bond with maturity 10 years, whose yield to 

maturity is equal to 8%. The conversion fact is 

 

𝑐𝑜𝑛𝑣. 𝑓𝑎𝑐𝑡. =

3.5
1 + 4% A +

100
1 + 4% ><

><
Am<

100 = 0.932 

 

The quoted future price of the interest rate future is a function of the underlying asset. According to the 

arbitrage condition, the future price should be equal to the present value of the price the investor will pay for 

the price. So, the future price function is: 

 

𝐹< = 𝑆< − 𝐼 𝑒¡l 

 

“where I is the present value of the coupons during the life of the future contract, t is the time until the futures 

contract matures and r is he risk-free rate applicable to a time period of length t”46. 

 

  

																																																								
45 HULL, John C, Options Futures and Other Derivatives, 7th Edition, (Toronto: Pearson Education International, 2009), p. 132. 
46 HULL, John C, Options Futures and Other Derivatives, 7th Edition, (Toronto: Pearson Education International, 2009), p. 135. 
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3. Hedging with Duration and Convexity 

In order to hedge, an investor needs to buy a number of interest future contracts that covers any 

change of the starting portfolio. The given number of such contracts sold per unit of the cash portfolio is called 

the hedging ratio47. If the hedging ratio is rightly determined the portfolio does not suffer any losses because 

any change in the cash portfolio will offset by the change in the future contracts. 

The duration of the portfolio and the duration of the underlying assets of the future contracts can be used to 

compute the hedging ratio properly, but to the investor it is required to respect specific condition. 

“Let 𝑉 𝑟  be the value of a cash portfolio held where r id the yield to maturity of the security yield. Let 𝐹 𝑟  

be the future price for the delivery of a unit of some security at some future date. Let h be the number of units 

or contracts bought or sold for future delivery48. So, any change in the future price can be expressed by: 

 

∆𝐹 = ℎ[𝐹 𝑟 − 𝐹 𝑟< ] 

 

where the 𝑟< is the initial yield to maturity of the underlying fixed income security of the future contract and 

𝑟 is the yield to maturity at time of the valuation. If the investor has a long position any increase of the price 

of the underlying assets determines an increase of value of the future contract; so, the ℎ must be positive. On 

the other side, if the investor has a short position any decrease of the price of the underlying assets determines 

an increase of value of the future contract; so, the ℎ must be negative. 

If an investor builds a portfolio and decides to hedge it, the aggregate value of the investor’s portfolio is: 

 

𝑃 𝑟 = 𝑉 𝑟 + ℎ[𝐹 𝑟 − 𝐹 𝑟< ] 

 

the variation of the yield to maturity affects the value of the portfolio. In fact, an increase of the yield to 

maturity reduces the value of fixed income securities portfolio, whereas the value of the future contracts arises 

given that the investor has taken a short position ℎ < 0 . On the other side, if the investor takes a long position 

in future contracts, that is ℎ > 0 , and the yield to maturity decreases, then the value of the fixed income 

securities portfolio arises and the future position decreases. 

To analyze how the hedged portfolio reacts to any movement of the yield to maturity and so the sensitivity of 

the portfolio the evaluation is done through the derivative of the portfolio function. So: 

 

𝑃′ 𝑟 = 𝑉′ 𝑟< + ℎ𝐹′(𝑟<) 

 

																																																								
47 BIERWAG, Gerald O., Duration Analysis: Managing Interest Rate risk, (Cambridge, Mass.: Ballinger Publishing Company, 
1987), p. 178. 
48 BIERWAG, Gerald O., Duration Analysis: Managing Interest Rate risk, (Cambridge, Mass.: Ballinger Publishing Company, 
1987), p. 178. 
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where the derivative of the portfolio is equal to minus the product between the duration of the portfolio and 

initial value of the portfolio. Given that the periods of time are discrete, the duration used is the modified 

duration; hence the derivative is: 

 

𝑉� 𝑟< = −
𝐷𝑉(𝑟<)
1 + 𝑟<

 

 

where 𝐷is the duration of the portfolio. 

Analogously, the derivative of the future position: 

 

𝐹� 𝑟< = −
𝐷f𝐹(𝑟<)
1 + 𝑟<

 

 

where 𝐷fis the duration of the future position. 

Hence, the sensitivity of the portfolio is: 

 

𝑃′ 𝑟 = −
𝐷∗𝑃(𝑟<)
1 + 𝑟<

= −
𝐷𝑉(𝑟<)
1 + 𝑟<

− ℎ
𝐷f𝐹(𝑟<)
1 + 𝑟<

 

 

where 𝐷∗is the duration of the portfolio 

 

𝐷∗𝑃 𝑟< = 	𝐷𝑉 𝑟< + ℎ𝐷f𝐹(𝑟<) 

 

Given that 𝑃 𝑟< = 𝑉 𝑟< .Then: 

 

𝐷∗ = 	𝐷 +
ℎ𝐷f𝐹 𝑟<
𝑉 𝑟<

 

 

If the variation of the yield to maturity does not affect the value of the hedged portfolio, it means that the 

duration 𝐷∗ is zero. Hence, the previous expression is equal to zero and the hedging ratio can be expressed 

such as: 

 

ℎ = 	−
𝐷
𝐷f
𝑉 𝑟<
𝐹 𝑟<
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So, the hedging ratio is the product between the ratio between the duration of the fixed-income securities 

portfolio and that of the underlying assets of the future position, and the ratio between the initial value of the 

portfolio and the initial value of the future position.  

The assumptions of this formula are the assumption that the yield to maturity of the portfolio is the same of 

the yield to maturity of the future position and the assumption that the two yields to maturity change by the 

same amount. Suppose that 𝑟gis the yield to maturity of the portfolio and 𝑟¢is the yield to maturity of the 

future position, the value of the hedge portfolio is: 

 

𝑃 𝑟g, 𝑟¢ = 𝑉 𝑟g + ℎ[𝐹 𝑟¢ − 𝐹 𝑟<
¢ ] 

 

the derivative is: 

 

𝑃� 𝑟g, 𝑟¢ = 𝑉� 𝑟g + ℎ𝐹� 𝑟¢ 		
𝑑𝑟¢

𝑑𝑟g 		 

 

By substituting 𝑎 = 		 '¡
£

'¡¤
 and the value 𝑉� 𝑟<g = −y¥(¡¦¤)

$%¡¦¤
 and 𝐹� 𝑟<

¢ = −y§f(¡¦
£)

$%¡¦
£ ; then: 

 

−
𝐷𝑉 𝑟<g

1 + 𝑟<g
− 𝑎ℎ

𝐷f𝐹 𝑟<
¢

1 + 𝑟<
¢ = 0 

 

where 𝐷¨ = y
$%¡¦¤

 and 𝐷f¨ = y§
$%¡¦

£ are the modified duration49 of the portfolio and future position. By 

substituting, the hedging ratio is: 

 

ℎ = −
𝐷¨𝑉 𝑟<g

𝐷f¨	𝐹 𝑟<
¢ 𝑎

	 

 

The formula without the previous assumption maintain the same characteristics but “the prices and the duration 

of the portfolio and the future position are determined at different yield levels and the variable 𝑎 appears in 

the formula to describe the relative motion of the yields to maturity”50.  

The analysis developed at this point is not free of assumption. In the previous chapter, the duration of the 

security is used to obtain an approximation of the value in case of any variation of the yield to maturity. The 

application of the duration is a linear approximation of the trend of a security. Practically, it means that the 

																																																								
49 For Modified duration retake the chapter I.3 
50 BIERWAG, Gerald O., Duration Analysis: Managing Interest Rate risk, (Cambridge, Mass.: Ballinger Publishing Company, 
1987), p. 183. 
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trend of the security is well-explained only in the case the variation of the yield is small, because the linear 

approximation does not capture the curvature of the price trend. In order to hedge effectively, it is necessary 

to introduce in the analysis the convexity. Hence, in addition to the duration condition, it is necessary to 

introduce the convexity condition of a hedge portfolio, that is: 

 

𝑃�� 𝑟 = 𝑉′′ 𝑟< + ℎ𝐹′′(𝑟<) 

 

where the second-order derivatives are 𝑉′′ 𝑟< = 𝐶 and 	𝐹�� 𝑟< = 𝐶f; so: 

Given that the conditions are two, it is necessary so introduce another unknown variable, and hence, the assets 

used to hedge are two. Moreover, the hedge aims to not only the duration neutrality, but also the convexity 

neutrality so the duration and the convexity of the portfolio must be equal to zero. Hence: 

 

𝑃′ 𝑟 = 𝑉′ 𝑟< + ℎ$𝐹$�(𝑟<) + ℎ>𝐹>�(𝑟<) = 0 

𝑃�� 𝑟 = 𝑉′′ 𝑟< + ℎ$𝐹$��(𝑟<) + ℎ>𝐹>��(𝑟<) = 	0 

 

ℎ$𝐹$� 𝑟< + ℎ>𝐹>� 𝑟< = −𝑉′ 𝑟<  

ℎ$𝐹$�� 𝑟< + ℎ>𝐹>�� 𝑟< = −𝑉′′ 𝑟<  

 

where it is a system with two expression and two unknown variables, that is ℎ$and ℎ>. 

Finally, it is necessary to improve the analysis from the assumption of parallel shift. The yields to maturity for 

different maturity differ each other. The theory that explains this difference is the liquidity theory of Keigns. 

Moreover, the volatilities of the short-term yield and the one of the long-term one is different too. If the 

investor forecast that the portfolio is hedged if the yield to maturity arrive to 2%, he supposes that the yield 

curve suffers a parallel shift. 

Let 𝑉 𝑟  the price of the portfolio of fixed income securities, then: 

 

𝑉 𝑟 =
𝐶𝐹A�

1 + 𝑟 𝑡<, 𝑡\
A�(A¦ 

 

To construct the global hedged portfolio: 

 

𝑃′ 𝑟< = 𝑉′ 𝑟< 𝑑𝑟 𝑡<, 𝑡\ 	 + ℎ\ 𝐹\(𝑟<) 

that is equal to: 

 

𝑃�(𝑟<) = [𝑉′ 𝑟< 𝑑𝑟 𝑡<, 𝑡\ + ℎ\ 𝐹\(𝑟<)]𝑑𝑟 𝑡<, 𝑡\ 	 
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“A sufficient and necessary condition to have 𝑃� 𝑟< = 0 up to a first-order approximation for any  

set of (small) variations 𝑑𝑟 𝑡<, 𝑡\ , for each 𝑟 𝑡<, 𝑡\  is”51:	

	

𝑉′ 𝑟< 𝑑𝑟 𝑡<, 𝑡\ + ℎ\ 𝐹\(𝑟<) = 0 

 

where “solving this linear system for ℎ\ at each trading date gives the optimal hedging strategy”52. 

  

																																																								
51 MARTELLINI Lionel, PRIAULET Philippe & Stephane, Fixed-Income Securities: Valuation, Risk Management and Portfolio 
Strategies, (Chichester, West Sussex: Wiley, 2003), p. 189. 
52 MARTELLINI Lionel, PRIAULET Philippe & Stephane, Fixed-Income Securities: Valuation, Risk Management and Portfolio 
Strategies, (Chichester, West Sussex: Wiley, 2003), p. 189. 
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CONCLUSION 

The three chapters written until this point are descriptions of the two important methods broadly used in the 

financial market. This paragraph focuses on salient differences and annotations of the two strategies in the real 

financial market. The immunization consists of the asset-liability matching in order to prevent the interest rate 

risk and the Hedging of the fixed-income securities is a technique used for the same reason, but it is applied 

by trading different products, that is the derivatives. The two are both meticulous strategies that require to be 

applied good knowledge not only of finance but also of mathematics and statistics; so, they cannot be applied 

by financial dabblers. 

Immunization is a method mainly used by the banks to managed the inflow and the outflow of cash without 

be affected by interest rate risk. The aim of the banks is to be the place where the people can lend money to 

finance investment projects and where they can make money safe by any risk, by gaining an interest on the 

deposit. For these two functions, they are used two means: the mortgages and the credit deposits. These behave 

like fixed-income securities and they are fixed inflows and outflows for the bank. So, by matching any contract 

that has a fixed stream, the bank is immune to any change in the interest structure. 

Instead, the hedging of fixed-income securities is a technique more used by the portfolio managers and mutual 

funds. A manager invests in fixed-incomes in order to balance the risk and return because of the needs of his 

clients. In case he forecasts any bad event that affect the value of his fixed-income portfolio, he faces two 

choices: to sell the portfolio or to buy a financial derivative that hedge the risk. If the duration has not passed 

yet, to sell the portfolio is not the optimal strategy; so, the hedging become a useful strategy to face the risk. 

In fact, the manager can enter in a short position in an interest rate future, in order to balance the profit and 

the loss obtained by the interest shifts.  

By keeping on going the previous example, the transaction cost for the first strategy are lower. In other words, 

the transaction costs of buying future contracts are lower than selling and buying the security to avoid the risk. 

So, in case of the immunization, the portfolio immunized needs to be adjusted at each shift of interest rate. 

This is more expensive than buying future contracts. 

A problem with hedging is contract size of the futures. Generally, each contract can provide a numerous 

amount of short or long position. This creates a difference between the investors that can apply the hedging 

strategy. In fact, the purchase of future contract is not suitable for smaller investors 

One important difference between the immunization and the hedging of fixed-income securities is the factors 

that affect the profitability of the strategy. A future contract depends not only on the value of the spot price of 

the underlying asset but also on the interest rate considered. The interest rate used to compute the future 

contracts is the Inter Bank Offered Rates, such as the LIBOR (London), EURIBOR (Europe), SIBOR 

(Singapore), etc. The Inter Bank Offered Rates is the interest rate at which a bank borrows or lends money to 

another bank. It is determined by the supply and the demand of capitals by the banks. 

On the other side, the immunization strategy depends on the interest of the portfolio bonds: that is the portfolio 

value depends only on the risk of interest changing of each bond that forms the portfolio.  
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Hence, in the immunization strategy, the risk analysis consists on the creditworthy and on the other 

fundamentals53 related to the borrower, whereas the hedging risk analysis should include the trend of the Inter 

Bank Offered Rate used to compute the future contract.  

Another problem related to the hedging of fixed-income strategy is that not all the bonds have the relative 

future contract, and so, not every bond is used as underlying in a derivative contract in a clearing house. That 

can limit the application of the strategy, because an investor who wants to hedge a specified bond should 

address to an investment bank in order to build the contract in the over-the-counter market. Given the features 

of the bond, the bank decides to enter into the contract and if it agrees, it decides how much to charge as 

transactions costs. For example, in case of illiquid market, the risk of not finding a counter part is high; so, the 

bank cannot be inclined to form the contract. Hence, the hedging depends on the liquidity of the bonds.  

  

																																																								
53 The fundamentals are the qualitative and quantitative information that contribute to the economic well-being and to the financial 
valuation of a company.  
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