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Chapter 1
Introduction

Modeling cause-effect relationships is a foundational aspect of science. Causal in-
ference allows researchers to study real-life processes accurately, and predict the
outcomes of hypothetical scenarios. This branch of statistics finds applications in
any field where researchers or engineers aim to exclude spurious correlations, under-

stand root causes of phenomena or analyze the consequences of decisions.

A central challenge in causal inference is that the causal relationships within a
system are rarely known. Causal discovery methods aim to recover such relationships
directly from data. However, this task is challenging due to fundamental limitations:
said relationships are identifiable only under strong assumptions, one of which being
causal sufficiency. Scalability also poses a challenge, since the performance of current

algorithms decreases dramatically with an increasing number of variables.

An effective way to overcome these limitations is the integration of prior knowledge.
Domain experts often have information about the underlying system, which can help
to resolve ambiguities that data alone cannot address and provide a significant head-
start to statistical algorithms. Traditionally, this has been done by manually adding
constraints. While effective in small systems, such an approach is not scalable to
high-dimensional settings where hundreds of variables may interact. In this context,

automated methods for incorporating prior knowledge are of great importance.

Large Language Models (LLMs) have recently emerged as a promising tool in this
direction. Trained on vast amounts of unstructured text, LLMs encode a consider-
able amount of factual and relational knowledge, including causal information. This
makes them a natural candidate for assisting in the construction of causal models.
Recent work has shown that LLMs can support causal discovery tasks by providing

candidate relations, reasoning over textual sources, or guiding the design of exper-
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iments. At the same time, their integration raises important challenges, such as

factual reliability, hallucinations, and the need for human oversight.

Other promising research directions are multi-agent and human-in-the-loop frame-
works. Multi-agent systems allow different specialized LLMs to cooperate, each one
focusing on a task such as partitioning the variables, retrieving external informa-
tion, or running statistical algorithms. A human-in-the-loop approach ensures that

expert knowledge can also guide an automated process, improving reliability.

This thesis explores these directions by investigating how causal discovery over many
variables can be enhanced through the integration of prior knowledge, Large Lan-
guage Models, and multi-agent systems. The central idea is to adopt a Divide-
and-Conquer strategy, where the original high-dimensional problem is broken into
smaller and more manageable subproblems. Each subproblem is then analyzed us-
ing a combination of data-driven methods, external knowledge retrieval, and human

feedback, before being merged into a global causal graph.

1.1 Contribution

This thesis introduces an original Divide-and-Conguer method for large-scale causal
discovery, in which Large Language Models are employed as agents to assist the

decomposition, analysis, and reconstruction of high-dimensional causal graphs.

1.2 Research questions

The central questions addressed are:

[. Can LLM agents, augmented with external knowledge retrieval and human

interaction, successfully contribute to causal discovery tasks?
IT. Which steps of the Divide-and-Conquer pipeline are best tackled with LLMs?

IIT. Can their use be reconciled with existing theoretical guarantees from the lit-

erature?

IV. Can data-driven approaches and LLMs be combined in a complementary way?

1.3 Thesis structure

This thesis is organized as follows. Chapter [2| introduces the necessary background
on causality, causal discovery methods, and Large Language Models. Chapter
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reviews related literature, with a particular focus on large-scale causal discovery
approaches and the role of language models and agentic systems in scientific tasks.
Chapter [4] describes the proposed framework, detailing its components and design.
Chapter [5| reports the experimental evaluation, highlighting strengths and limita-
tions across a range of benchmarks. Finally, chapter [6] summarizes the contributions

of the thesis and discusses possible directions for future research.

Note: The code of this project is not yet publicly available, as a conference sub-
mission based on this work is currently under review. Moreover, the actual im-
plementation is intellectual property of Robert Bosch GmbH. This master’s thesis
was conducted at the Bosch Research Center in Renningen, Germany, under the

supervision of Nicholas Tagliapietra, Dr. Jirgen Liittin and Dr. Lavdim Halilaj.



Chapter 2
Background

This chapter sets the theoretical groundwork for the thesis, starting with Pearl’s the-
ory of causality, which formalizes Structural Equation Models (SEMs), Structural
Causal Models (SCMs), and their induced causal graphs. Marginal and conditional
independence are then reviewed together with d-separation and m-separation, fol-

lowed by the main families of conditional independence (CI) tests.

Building on these notions, the Causal Discovery (CD) problem is defined and the
two major approaches (constraint-based and score-based) are introduced, along with
their limits in relation to observational data, Markov equivalence, and causal insuf-
ficiency (leading to MAGs and PAGs). Next, the chapter covers evaluation metrics

in CD along with common benchmarks and simulators.

This chapter also motivates the need for large-scale CD, and lays out related theory

on Divide-and-Conguer methods.

For completeness, a brief overview of Large Language Models (LLMs) is also in-
cluded. It covers embeddings, emerging abilities, retrieval-augmented generation,

prompting, and agentic systems.

2.1 Causality

A modern theory of causality is attributed to Pearl [II, 2], who introduced a uni-
fied, computable, and formal representation of causal assumptions and effects. The
"pearlian" framework is based on Structural Equation Models, used in earlier re-

search in social sciences [3], 4].

Example 2.1.1. Suppose a phenomenon is described by a model, for instance a set

4



2.1. CAUSALITY )

of equations that links two random variables X and Y':

y =Pzt uy (2.1)

r =1Ux

For example, X could stand for a disease variable and Y for a certain symptom. In
this case x stands for the level (or severity) of the disease, y stands for the severity
of the symptom, and uy (value of a random variable Ux) stands for all factors, other

than the disease in question, that could possibly affect Y when X is held constant.

Equation may be flipped to quantify how the symptom X influences the disease
Y.

Equations alone therefore do not imply the inherent "direction" that natural phe-
nomena have, and do not necessarily possess causal semantics. This concept of

"direction" is formalized within Structural Equation Models:

Definition 2.1.1 (Structural Equation Model (SEM)). [1, 2, 5] A SEM expresses
the directionality of the underlying process. A SEM is denoted as a 4-tuple:

o A set of "explained" variables V, called endogenous variables, X and Y in the
above example (eq.

o A set of "unexplained" variables U, called exogenous variables, Uy and Uy in

the above example (eq.

A joint probability distribution of exogenous variables P = [[y.cu P(u;)

« A set of functions F (called structural equations), such as equations 2.1l Each

one representing an autonomous mechanism governing a variable.

Exogenous variables U may be "observed" or "unobserved', in the latter case they
serve as "errors" or "disturbances'. In both cases, they are not influenced by other
variables in the SEM.

Definition 2.1.2 (Structural Causal Model (SCM)). [2] Given a SEM with a set
of functions F, if each variable has a distinct equation in which it appears on the
left-hand side (being the dependent variable), then the model is called a Structural
Causal Model. This means that each endogenous variable is uniquely described by

an autonomous mechanism, or a "law".

Though some subtle differences are present, in the literature the terms SEM and

SCM are often used interchangeably [5].
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Definition 2.1.3 (Causal Graph). [0, 5] The set of structural equations F in a
SCM induces a set of dependencies between variables. Those can be depicted as a
graphical model, which we call the Causal Graph, which unmistakenly represents the
"direction" of relationships in the structural equations using directed edges. Each
equation in F has form z; = f;(V C {V \ X;},U C U). Thus, for each function f;
we can determine a set of "parents" for the variable X;: Pa(X;) = V U U. Doing so
induces a graph representation of the SCM where we add a directed edge between
each variable in Pa(X;) and X;. This method of constructing it is also referred to
as "Causal Edge Assumption": the value assigned to each variable X; is completely

determined by the function f; given its parents.

For sake of simplicity, we will assume that the underlying causal graph will not

contain cycles i.e. it is a Directed Acyclic Graph (DAG).

Conditional Independence

A key concept in Causality is that of conditional independence, which is linked to
that of conditional probability. Given two random variables X,Y, we denote with
P(X) and P(Y) their marginal probability distributions, and with P(X|Y) and
P(Y|X) their conditional probability distributions of one given the other and vice-
versa. These are of course linked by Bayes’s theorem, where marginal distributions
represent our prior knowledge about X and Y, while the conditional distributions
represent more "informed" distributions. If X, Y are related or connected in some
way, we expect that P(X) # P(X]|Y). However, this equality may occur in some

situations.

Definition 2.1.4 (Marginal Independence [7]). Consider two random variables
X,Y. An event z (drawn from P(X)) is independent of an event y (drawn from
PY)) if P(X = z|Y = y) = P(X = z). If this is true for all events drawn
from P(X) and P(Y), we denote X 1l Y as "X marginally independent of X".
Marginal independence is a symmetric property: if X I Y, then Y 1l X. The
term "marginal" or "marginally" is commonly omitted when referring to this prop-

erty.

A more common situation is when two events are independent given an additional

event. Consider now a third random variable Z.

Definition 2.1.5 (Conditional Independence (CI)). [7] Consider three random vari-
ables X|Y,Z. An event z (drawn from P(X)) is conditionally independent of an
event y (drawn from P(Y)), given a third event z (drawn from P(Z) if P(X =
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x|Y =y, Z = z) = P(X = z|Z = z). If this is true for all events drawn from P(X),
P(Y) and P(Z), we denote X 1L Y|Z as "X conditionally independent of Y, given
Z" or alternatively "X independent of Y, conditioned on Z".

Conditional independence is symmetric: if X 1 Y|Z, then YV 1L X|Z. More
generally, instead of conditioning on a single r.v. Z, we could also use a set of
multiple random variables Z, called conditioning set. Conditional independence is

weaker than marginal independence, the latter being the case where Z = ().

Testing for CI between a pair of variables, given a conditioning set, is an important
task in causal inference. As will be discussed in section [2.1.1] a whole family of
algorithms relies on CI tests to find a causal graph. The most widespread types of
CI tests are:

o Fisher’s Z test [§]

o % test: Tests the null hypothesis that X is independent from Y given Z. This
is done by comparing the observed frequencies with the expected frequencies
if X, Y were conditionally independent, using a x? deviance statistic. The ex-
pected frequencies given independence are P(X,Y,Z) = P(X|Z)P(Y|Z)P(Z).
The latter term can be computed as P(X,Z)P(Y,Z)/P(Z) 9]

o G? test [10]
» Kernel-based tests: KCI [11] and FastKCI [12]
« Randomized Conditional Independence Test (RCIT) [13]

Some CI tests are catered to specific variable types: the y? and G? tests apply to
discrete variables, while Fisher’s Z test assumes continuous Gaussian data. Kernel-
based methods such as KCI and FastKCI, as well as RCIT, are non-parametric and
can handle mixed or non-linear relationships. The choice of test depends on both

variable type and computational efficiency.
Now, a useful definition that will later be relevant:

Definition 2.1.6 (Order of a CI test). When performing a CI test between two
variables, say X and Y, the order of a CI test refers to the cardinality of the
conditioning set |Z|. A CI test of order zero is therefore just testing for marginal

independence (Z = 0).

Conditional independence allows for a convenient factorization of joint probability
distributions of variables, leveraging Bayes’ theorem and the chain rule for com-
puting joint distributions [7]. If X 1L Y|Z, it can be shown that P(X,)Y,7) =
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P(Z)P(Y|Z)P(X|Z). It is common to represent these relations using a DAG, where
Z is a parent of both X and Y. This is the minimal example of a Bayesian Network,

in particular a naive Bayes model, which in turn is a subtype of a larger family of
Probabilistic Graphical Models.

The way CI is (sometimes ambiguously) represented in DAGs will be further dis-
cussed in the following chapter [2.1.1]

Bayesian Networks are related to SCMs in that both represent "direction" or "parent-
child" relationships among random variables using a DAG. The first encodes joint
probability distributions, while the latter encodes algebraic relationships of causal
nature. In a sense, Bayesian Networks are simpler than SCMs, given that the
objective is to conveniently compute probabilities, without implying the existence
or attempting to estimate an exact quantitative "causal law"'. Bayesian Networks
may nonetheless, under certain conditions, have a causal interpretation [2]. Within
this thesis, this subtle distinction among the two families of models is neglected,

assuming Bayesian networks are modeling causal phenomena.

2.1.1 The Causal Discovery Problem

In the previous sections 2.1] and we introduced DAGs as a representation asso-
ciated to SCMs or Bayesian Networks. However, the problem at hand is often to
first determine the DAG, given a set of variables. As Pearl in [2] puts it, the DAG
serves as a "blueprint" for later estimating the exact functions in a SCM. This task is
referred to as Causal Discovery (CD) in the context of SCMs, or Structure Learning
in the context of Bayesian Networks. In general, it is the problem of selecting a

causal graph as a possible explanation for a given data set [5].
CD from datasets may be performed using a couple families of algorithms:

o Constraint-based methods: these methods usually start from a fully connected
graph and prune edges after performing CI tests (described in section
on variable pairs. Examples are the Peter-Clark (PC)[14] and Fast Causal
Inference (FCI)[15] algorithms.

e Score-based methods: these methods either search for individual graph struc-
tures or fit a model to the data, optimizing some evaluation metric. One
example is DAGMA [I6], whose basic idea is to fit either a Linear or a Multi-
Layer Perceptron to estimate a structural equation for each variable in the
dataset. Another is GES [17].
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In the context of Causal Inference, data comes in three types:

o Observational Data: each sample is randomly generated from the (yet un-
known) joint distribution of the variables. This is the most common scenario,

in which data is passively collected

« Interventional (or experimental) Data: samples are collected while system-
atically setting a fixed value for one or more variables. Such an operation
is called an intervention. This scenario corresponds to performing controlled

experiments

o Counterfactual Data: hypothetical or “potential outcome” data describing
what would have happened to the same units under alternative conditions
(e.g. if a different treatment had been applied). These outcomes are not

observed, but inferred via models

Since variables in a causal graph might not always be all measurable, another key

concept in Causal Discovery is Causal Sufficiency.

Definition 2.1.7 (Causally Sufficient Variable Set). [5] A set of variables V is said
to be causally sufficient if and only if every cause of any subset of V is contained in
V itself. This means there are no unobserved variables U that affect the behavior

of the system generating the data set.

Unobserved variables might be confounders, meaning they are a common cause of
two variables, or mediators, meaning they are an intermediate effect between two
variables.

Causal Sufficiency is a rare condition in real datasets, and it inherently limits the CD
process. If the observed process has hidden confounders, constraint-based methods
will only be able to yield a Mixed graph, meaning some edges might turn out to be
undirected (X —Y), bi-directed (X <— Y) or have undefined endpoints (X o—oY’).

If two nodes have a bi-directed edge between them, they are spouses of each other.

Both the availability of only observational data and causal insufficiency represent
key obstacles to faithful causal discovery. It is worth addressing separately the

theoretical limitations that each one introduces.

Causal Discovery on Observational Data

Any CD algorithm that uses observational data alone cannot uniquely determine a

causal graph [I8], but only an equivalence class of graphs called Markov Equivalence

Class.
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Before introducing it, some definitions are in order:

Definition 2.1.8 (Collider [5]). In a DAG, a node X is a collider if two arrow
endpoints both point to it: ¥ — X +— Z. X is a shielded collider if there is also
a directed edge between Y and Z, otherwise it is an unshielded collider (also called

a v-structure).

Definition 2.1.9 (d-separation [I]). Consider a subset of nodes S within a DAG.
S is said to block a path 7 if either:

I. 7 contains at least one arrow-emitting (i.e. a "non-collider") node that is in S

II. 7 contains at least one collider node that is not in S and has no descendants
inS

If a set S blocks all paths between two nodes X and Y, then S d-separates X and
Y. If the DAG represents an SCM, it then holds that X 1L Y|S. If S = (), then
X 1Y.

Identifying v-structures is a key point in the edge orientation rules of constraint-
based algorithms. After finding an undirected skeleton G through CI tests, suppose
the d-separation sets for each non-adjacent pair of variables have been recorded
in SepSet. The PC and FCI algorithms then apply the following orientation rules
[14], 19, 20]:

I. For each triple of nodes X,Y,Z such that X and Y are adjacent, Y and
Z are adjacent, but X and Z are not adjacent in G, orient X —Y —Z as
X — Y «— Zif and only if Y ¢ SepSet(X, Z).

II. If X — Y, Y and Z are adjacent, X and Z are not adjacent, and the edge
Y —Z has no arrowhead at Y, then orient Y — Z.

II1. If there is a directed path from X to Y and an undirected edge X —Y, orient
itas X — Y.

IV.Ift X —-Y<+— 72 X—W—Z, X and Z are not adjacent, and W —Y | then
orient W—Y as W — Y. This was later added by [21].

The first rule is applied once. Rules II-IV are applied repeatedly until no more edges

can be oriented [20].

d-separation then links the structure of a DAG to a set of CI relations, also called
an independence model [22]. Problem is that multiple DAG structures may imply

the same independence model.



2.1. CAUSALITY 11

Definition 2.1.10 (Markov Equivalence Class (MEC) [23] 5]). Two DAGs G, and
G5 are Markov equivalent if and only if G; and G5 have the same undirected "skele-
ton" and the same v-structures. This implies that they any pair of nodes that is
d-separated (by any set of nodes) in G is also d-separated (by any set of nodes)
in GGy, and vice-versa. In some sources this property is called observational Markov

equivalence.

Therefore, testing for CI alone does not allow to distinguish between two Markov
equivalent graphs. Only through interventions it might be possible to solve ambigu-
ous edge orientation. When only observational data is available, the best we can do

is just to identify a MEC, as opposed to a unique DAG.

Since MECs are defined in terms of skeletons and v-structures only, edges that

are not part of any v-structure remain undirected, resulting in a Partially Directed
Acyclic Graph (PDAG).

This ambiguity in edge direction is also present in score-based CD algorithms, as
common scoring criteria, such as BIC, assign the same score for multiple DAGs
within a MEC [24]. Algorithms like GES (Greedy Equivalence Search) do not search
over individual DAG but rather over equivalence classes, and thus output a PDAG
[24].

Causal Discovery on Causally Insufficient Data

As noted earlier, if there are hidden confounders, the result of a constraint-based
CD algorithm can at best be a mixed graph. If the data is also observational, it is

necessary to extend the definition of MEC for this, more general, case.
Definition 2.1.11 (Ancestral Graph). [22, [5] A mixed graph is ancestral if:

e There are no directed cycles. A directed cycle is simply a walk through the

graph that returns to the original node, following directed edges,

o Whenever there is a bi-directed edge X <— Y, then there is no other directed
path from X to Y, or from Y to X,

o Whenever there is an undirected edge X <— Y, neither X nor Y have any

spouses or parents.

Ancestral graphs generalize DAGs by allowing bi-directed and undirected edges,
making them suitable for representing systems with latent variables or hidden con-

founding.
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Definition 2.1.12 (Maximal Ancestral Graph (MAG)). [22] An ancestral graph is
mazximal if, for every pair of non-adjacent nodes X, Y there exists a set of nodes S

(X,Y ¢ S) that m-separates X and Y.

MAGs are "maximal" in the sense that no additional edges can be added without
altering the set of conditional independence relations between variables. They are
a useful causal structure as they explicitly acknowledge the presence of hidden con-

founders or other unobserved variables [22].
One may also extend the notions of collider and d-separation to MAGs:

Definition 2.1.13 (Collider (mixed graphs)). [5,22] In a mixed graph, a node X is a
collider if two arrow endpoints both point toit: ¥ — X +— 7)Y +— X +— 7,
Y+— X<— Z orY — X <+— 7.

Definition 2.1.14 (m-separation). [0, 22] m-separation for mixed graphs is defined
similarly to d-separation (see definition [2.1.9)), but with colliders defined as in[2.1.13]

Finally, to represent equivalence classes of MAGs when only observational data are

available, a different notation is introduced:

Definition 2.1.15 (Partial Ancestral Graph (PAG)). [22, B] A PAG is a mixed
graph that represents a Markov equivalence class of MAGs. It may contain directed,
bi-directed, undirected, and circle endpoints (o—,...) to denote uncertainty about

edge orientation while preserving the encoded m-separation relations.

Like DAGs, multiple MAGs may actually imply the same conditional independence
model. If we are also dealing with purely observational data: constraint-based CD

algorithms output an all possible "valid" MAGs. More formally:

Definition 2.1.16 (Markov Equivalence Class (MEC)). [22, 23] In the more general
case, if G7 and G5 are two MAGs, they are Markov equivalent if for all triplets X, Y
and S, where X and Y are nodes and S is a (potentially empty) set such that

X,Y ¢ S, then X and Y are m-separated in (1 if and only if they are m-separated
in GQ.

As in with DAGs, the above condition implies that the two graphs encode the
same set of conditional independencies. The difference between DAGs and MAGs
is that having the same adjacencies and unshielded colliders, though necessary, is
not sufficient for Markov equivalence of MAGs. Every non-maximal ancestral graph
can uniquely be transformed to a Markov equivalent MAG, by appropriately adding
bi-directed edges [22].
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Similarly to how partially directed graphs use undirected edges to represent the
'ambiguity" of edge orientation within a MEC for DAGs, a Partial Ancestral Graph
(PAG) is used to represent a MEC for MAGs. A PAG is a mixed graph that
also allows for undefined endpoints: o—... , ..—o. Undefined endpoints express
uncertainty when determining endpoints that do not affect the presence of a v-

structure, and thus do not affect m-separation.
Lastly, a definition which will be useful in section [3.1}

Definition 2.1.17 (Residual). Given an independent variable x, its residual when

projected on another variable y is y — E(y|x)

Residuals are useful for identifying edge directions by testing whether a variable is

independent of the residuals when projected onto its neighbors.

2.1.2 Evaluation in Causal Discovery

Evaluation of a CD algorithm is tricky. Even excluding the intrinsic theoretical

limitations introduced in sections[2.1.1]and [2.1.1] in most real-life scenarios the exact

DAG (let alone the full SCM) modeling the underlying data generating process is
unknown. Within this thesis, it is assumed that a ground truth, consisting of an
exact DAG, is available. As will be discussed in[2.1.2] this issue is a topic of research

in and of itself.

Metrics

Given a set of variables V in a dataset, which corresponds to a set of nodes in
the learned DAG or PAG, CD can be viewed as a binary classification task. In
particular, we can define an "arrow precision" and "arrow recall" as follows [5]:

For each ordered pair (X,Y), X,Y € V, we check whether the oriented edge m =
X — Y exists in the ground truth G and in the learned graph G-

I If € G and m € G, it is counted as true positive (TP)
II. If 7 ¢ G and m ¢ G, it is a true negative (T'N)
II1. If 7 ¢ G but © € G, it is a false positive (FP)
IV. If 7 € G but 7 ¢ G, it is a false negative (FN)

This method basically compares "arrow’ endpoints for all edges in both G and G,

and is used also when evaluating a PAG: "undefined" endpoints (o—... , ..—o) are
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not considered valid "arrow" endpoints as to not overestimate algorithm performance
[5].

After counting TP, TN, F'P and F'N values, we can calculate the ArrowHead Preci-
sion (AHP) and ArrowHead Recall (AHR) as the ratio between correctly predicted
arrowheads over total predicted arrowheads, and ratio of correctly predicted arrow-

heads over true arrowheads respectively [5]:
AHP = AHR = - (2.2)

Another widespread metric in binary classification is the F1-score:

AHP - AHR

Foi=2 P AIR

(2.3)

It is also useful to define a sort of "edit distance" between G and G, called Structural
Hamming Distance (SHD). It basically counts the number of necessary operations
(addition, deletion or reversal of an edge) to transform G in G [5]. Let E(G — G) be
the difference between the edge sets of G and G, then the SHD is defined like so [5]:

V2 1 X —-Y€cEG-0q),
SHD(G,G):= > 1 Y—XcEG-0G), (2.4)

(XY). XY 0 otherwise

Interpreting SHD requires some care, as the score itself is not normalized and lacks
context. Suppose the ground truth graph G has n nodes and m edges. Suppose

I

there are two "dummy" algorithms A and B: A always outputs a fully connected
graph (or clique) G 4; B always outputs a graph with no edges at all Gg. The SHD

for these "trivial" cases is SHD(G, G 4) = n(n — 1)/2 —m and SHD(G, Gg) = m.

Benchmarks

As mentioned, performing a thorough evaluation of CD methods is challenging due

to the scarcity of benchmarks with available ground truth.

The most used benchmarks in the literature are gathered in the bnlearn repository
[l Most of them belong to the "discrete bayesian networks" group, meaning that each
node in the causal graph represents a discrete (or categorical) variable. In "gaussian'

networks, all variables are continuous and all of the conditional probability distri-

BN Repository


https://www.bnlearn.com/bnrepository/
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butions are Gaussians. "Conditional linear gaussian networks" include both discrete
and continuous variables, with the restriction that continuous variables cannot be

parents of a discrete one [25].

Another common benchmark is the Neuropathic Pain simulated dataset [26] EI, which
also falls in the "discrete' category. It is an especially useful benchmark given its
size (222 nodes, 770 edges).

Given a graph, independent observations (i.e. data) can be simulated in a process
called sampling, the simplest being forward (or ancestral) sampling[2T7]. The graph
is treated as a causally sufficient model, with predefined conditional probabilities
for each node. The process traverses the graph in topological order, starting with
root nodes (with no parents), and samples values for each variable based on its
conditional probability distribution and the already-sampled values of its parents
[7,28]. Forward sampling is simple when variables are discrete, but other approaches

like importance sampling are needed when generating continuous variables [7].

Another way of benchmarking is to generate random discrete or gaussian DAGs
using the Erdés—Rényi model [29] or Barabasi-Albert model [30].

With both aforementioned methods, however, the generated observations are in-
trinsically causally sufficient: they are sampled from a "sufficient” model where all

variables are endogenous or, at least, observed.

The size of a causal graph, meaning the amount of nodes n = |V, is also a key
pain point in benchmarking CD methods, and the one that this study attempts
to address. Both constraint-based and score-based methods scale poorly, albeit for

different reasons:

« Constraint-based methods rely on CI test. Consider for instance FCI [15]. It
starts from a fully connected undirected graph and for each pair of variables
X,Y € V it tries to find a conditioning set Z C V\ {X, Y} to try and remove
the edge X—Y if a ClI test finds X 1L Y|Z. A back-of-the-envelope calculation
reveals that this single search alone requires (n — 2)! CI tests. Even though
removing edges does restrict the search space of Z to just nodes still adjacent

to X, this type of strategy does not scale to large values of n.

e Score-based methods try to directly fit a model to data and optimize a score
such as the BIC. The number of possible network structures grows exponen-

tially with the number of variables and exhaustive search for the optimal struc-

2 Available on |GitHub


https://github.com/TURuibo/Neuropathic-Pain-Diagnosis-Simulator
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ture becomes prohibitively costly [31].

Dealing with large scale CD tasks is possible, for instance by leveraging domain-
specific knowledge, including chronological order of variables, to rule out causal
connections [32]. In general, restricting the search EI in some way is the common
denominator for increasing efficiency. "Greedy" score-based methods like GES [17]

also have an accuracy problem, as they may not converge to a global optimum.

The CausalMan Benchmark

The main benchmark used within this study is CausalMan [33], a novel data simula-
tor designed to evaluate CD and other causal inference tasks. CausalMan generates
realistic data in the context of a manufacturing line, and improves on existing bench-

marks from a few angles:

« Hybrid-datatypes: Data are of mixed type (discrete and continuous) with

no restrictions

o Causal Insufficiency: It features many unobserved exogenous variables, with
complex relationships between each other and with endogenous variables. The

generated data is thus causally insufficient

e Non-linearities: The equations in its SCM are accurate from a physics stand-

point, often being non-linear

« Large-Size: Size is considerable, with the largest dataset (CausalMan Medium)
having n = 186 nodes and m = 381 edges in the observable part of the ground
truth

2.1.3 Large Scale Causal Discovery - Divide& Conquer

In the previous section the issue of CD on observational datasets with a high
number of variables was introduced. It appears clear, both from literature [34. [35} 30]
and experiments performed in this study (see section , that many algorithms either
fail to terminate in reasonable time or yield poor performance in terms of F; and
SHD scores.

Divide-and-conquer approaches are a solution often explored in literature; the method
proposed in this study also falls within this category. It is thus appropriate to pro-

vide an introduction to existing definitions and terminology.

3Searching for edges in score-based methods or conditioning sets in constraint-based methods
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As the name suggests, the basic principle is to divide the task into smaller and easier
sub-tasks, and finally combining all the partial results together into a final solution.

In particular, these methods can be characterized by three distinct steps:
1. Divide: Partition the set of variables into smaller groups, often recursively

2. Conquer: Run a causal discovery algorithm to find a "local" causal graph
(either a DAG, PAG, or MAG) for each group

3. Merge the results together, solving conflicts and/or adding edges to connect

the "local" causal graphs

The whole approach hinges on the quality of the subdivision of the problem (i.e.
the Divide step) and later on how well the individual sub-tasks are solved (Conguer
step). What properties should a partition have, such that subdividing the variables

set will not result in a loss of information?

Among others, one approach to partitioning has been proposed by [36]. In their

study, [36] also provide a formal definition.

Definition 2.1.18 (Causal Partitioning ([36])). Let V. = {u,v,...} be a variable
set that is also the set of nodes in a DAG G(V, E). Consider a set of variable subsets
7) = {Pl, PQ, P3, e }, with PZ C V.

P is a causal partitioning of V if and only if all the following are true:

II. Vu,v € P: if 3P;, P; C S such that u € P;, v ¢ P;, u ¢ P;, v € P; then u

and v are not adjacent in G,
ITI. Yu,v € V: if u and v are not adjacent in G; then either:
(a) 3P;, P; C Ssuch that u e P;, v ¢ P;, u ¢ P;, v € P,
(b) 3P, C S such that u 1l v | Z, where Z is a conditioning set Z C Py.
To give a more "informal" explanation, the three conditions above mean that:
I. Each variable in V should be assigned to at least one group.

I1. If two variables are adjacent in G (i.e. they are connected by an edge), then
they must either appear together in a group, otherwise only one of the two is
"allowed" to appear alone in other groups. In other words, there must not be

a pair of groups that divides a pair of adjacent variables.
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ITI. If two variables are not adjacent in G, then they should be assigned to different

groups at least once, or they must be d-separated in at least one group.

Note that the conditions in definition [2.1.18|allow for groups P; to overlap. Actually,
unless G has multiple connected components, the only way to obtain smaller groups

that comply with condition 2 is to have some overlapping nodes.

This fact is quite relevant, as it dictates the operations to be performed in the merge
phase: with disjointed groups, the merging phase should introduce connecting edges.
On the contrary, if there are substantial overlaps between groups, then the merge

phase is about solving mismatches between the smaller graphs, as in [36].

Another work by [34] provides an alternative definition of how an overlapping graph

partitioning should look like:

Definition 2.1.19 (Causal Cut [34]). Consider a variable set V, and three subsets
of it: P ={C,Py,Py}, with C,Py,P, C V. P is a valid causal cut over V, if and
only if both of the following are true:

II. Yu € P; and Yv € P, there exists a variable set C,, € C such that u L
v|Cy. This means that variables in C d-separate every variable in Py from

the ones in P,

Given that a suitable causal cut exists, the groups that V is split into would be

P; U C and P, U C, meaning the groups overlap.
Lastly, a more "practical" definition of Causal Partitioning is given by [37]:

Definition 2.1.20 (Causal Partitioning). [37] Given a DAG G = (V,E), the aim
to partition the node set V into two (overlapping) sub-groups P; and Py with the

following constraints:
I. Pl U PQ - V
II. Vv € Py \ Py and Yu € Py \ Py, it holds that (v — u) ¢ F and (u — v) ¢ E

In other words, there should not be any edges between variables in different groups,

barring their intersection.

The "practical" definition [2.1.20] also fits the method and the visualizations in [30],
which actually provides another definition given a starting undirected superstruc-

ture, however it is less useful in this study.
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As briefly stated, partitioning may be done recursively. For instance, in the first step
the full variable set V might be divided into P = {P1,P5}. Subsequently, P; can
itself be partitioned, yielding P’ = {P11,P12,P2}. Once the process terminates,
the sequence of partitions can be represented as a partition tree, where each node
corresponds to a partition. The smallest, terminating partitions in P will be called
leaf partitions, while partitions derived from the same parent set (whether V or some
P,) are called sibling partitions. In the example, Py 1, Py o, Py are all leaf partitions;

P, and Py, are siblings, and so are P; and Ps.

Having covered three sets of criteria (definitions [2.1.18] [2.1.19| and [2.1.20]) on how

a set of causally connected variables should be partitioned, to benchmark different

methods it is useful to define some quantitative metrics.
The first one is the Causal Cut Error:

Definition 2.1.21 (Causal Cut Error (CCE) [34]). Consider a DAG G = (V,E)
and a partitioning P = {Py, P, ...}, with P, C V. Let N = |E| be the number of
pairs of variables that are connected by an edge in G. Let N, be the number of pairs
of variables that are connected by an edge in G, but do not appear together in any

P; € P. More formally, N, is computed as follows:

N, <+ 0
for each ordered pair (X,Y) € V:
it X — Y € E then:
if {X,Y} & P, for all P, € P then :
N, <+ N.+1

The Causal Cut Error is therefore:

Ne
CCE := N

Intuitively, the CCE is the ratio between the number of pairs of connected variables
that have been (wrongly) split across different groups, over the total number of
connected variable pairs. Unless the ground truth graph G has multiple connected
components, obtaining a CCE close to zero requires overlapping causal partitioning.
Otherwise, it would be expected that a disjoint partitioning "cuts" at least some

valid edges.

Another metric to evaluate a partitioning is the overlap ratio:
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Definition 2.1.22 (Overlap Ratio). Given two partitions Py, Py C V| we can also

define the overlap ratio as
PN Py

OR:= -1 =2
P, U P,

In section [5] both CCE and average overlap ratio between sibling partitions will be

computed and used to compare different approaches for the Divide step.

2.2 An Overview on Large Language Models

The term Large Language Model (LLM) refers to a class of pre-trained text inference
models based on the transformer architecture [38] [39]. "Large" refers to the amount
of parameters (or weights), usually in the order of billions [39]. While a '"language
model" is not a new concept, LLMs have evolved beyond simply generating text,

instead focusing on solving complex tasks [39].

A detailed explanation of their functioning, training and evaluation goes beyond
the scope of this thesis. For what concerns this specific use case, the following
sections will just provide a brief introduction to embedding models, emerging abili-
ties of LLMs, Retrieval-Augmented-Generation, Multi-Agent Systems, and relevant

prompting techniques.

2.2.1 Embedding models

In the context of language models, embedding refers to a series of techniques to rep-
resent text (be it a token, word, phrase or document), as a dense, high-dimensional

vector of real numbers [38].

Many models, varying in efficacy and complexity, have been introduced over time
to output text embeddings, examples include Word2Vec, BERT, with the most
advanced being LLM-based embeddings [38, 40, 41]. The overall objective is for
the vector representation to encode semantic similarity between pieces of text, with
more sophisticated models being able to take into account additional context [38].
More nuanced text representations are desirable in many applications, including

information retrieval [40] and clustering of text [42].

Embeddings are also a core component of LLMs: any text that they receive as input,
or generate as output, exists as a sequence of tokens and their embeddings within
the model [38].
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2.2.2 Emerging abilities of LLMs

First, a couple "technical" definitions: the entire input+output token sequence of
an LLM is usually referred to as "context'. Due to the way LLM interfaces are
often designed (either apps or APIs) the user may typically add his own text (called

"prompt") to a pre-existing context, although this distinction is not well-established.

The key to the widespread application of LLMs stands in their ability to generalize
beyond narrow natural language processing tasks. State-of-the-art LLMs excel at
dialogue, answering complex questions, coding and making decisions or recommen-

dations [43]. This can be linked to so-called emerging abilities, namely [39]:

o In-Context Learning: Assuming that the model is provided with a prompt
containing detailed instructions and several examples, it can generate the ex-
pected (and good quality) output by exploiting patterns in the input, with no
additional training [39] [44].

o Instruction Following: Combining supervised fine-tuning on a set of (prompts,
expected outcome) pairs for a variety of different tasks and reinforcement
learning with human feedback has been shown to improve the generalization
of LLMs, even on tasks not appearing in fine-tuning data and without exam-
ples [39, 45, [46].

o Step-by-step reasoning (or just reasoning): Guided by appropriate fine-tuning
and/or prompts, LLMs can solve more complex problems by predicting in-
termediate answers and/or logical steps in the output sequence, leading to
the final result [39, 47]. This output behavior is referred to as "reasoning" or
"thinking', and can be achieved with prompting alone (see section [2.2.4]), in
which case it falls within the In-Context Learning ability [48].

Building on top of these abilities, a fairly recent advancement introduced by [49]
and popularized by OpenAl [50] 5], has been to tune LLMs to format their output
is such a way that it can easily be parsed and used to pass arguments to other code.
"Other code" could be an API or a user-defined function, and as such this behavior
is termed function or tool calling. These tools can be regarded as a way to ex-
tend an LLM’s knowledge or capability, albeit current models behave inconsistently,

exhibiting both over- and under-reliance on tools [52].

Another property of LLMs, though subject of scrutiny [53, 54], is their factuality.
The term denotes a model’s capability of generating content grounded in reliable

sources [H4], acting as a knowledge base [55]. This could also be considered an
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"emerging" property, stemming not from model size in terms of parameters, but
rather from the size of its pre-training corpus. Corpora for general purpose models
may include trillions of tokens [47] worth of text on various domains scraped from

sources like Wikipedia, Reddit, miscellaneous web pages, news and textbooks [56].

Factuality is closely related to the issue of hallucinations in LLM outputs, which can
be defined "baseless or unwarranted content" [53] or "content that appears nonsensi-
cal or unfaithful to the provided source' [54]. The cited studies actually distinguish
between "factual/non-factual" and "non-hallucinated /hallucinated" output, as gen-
erated content may be factually true, but irrelevant to the prompt or it may be

relevant but vague or outdated.

The key takeaway from the cited factuality surveys [53] [54] is that LLMs do inter-
nalize factual knowledge to a significant extent, as shown for instance by GPT-4
reaching 86.4% accuracy on the MMLU (a multi-task multiple choice test bench-
mark [57]) and passing the USMLE (United States Medical Licensing Examination)
by over 20 points, or by LLMs attaining up to 71% factual precision (FActScore
[58]) in biography generation. However, reliability is still an issue: on adversarial
truthfulness benchmarks such as Truthful QA [59], GPT-4 achieves only about 29%
truthfulness. Factuality issues are attributed due to outdated or low-quality data in
pre-training corpora and to "snowballing” hallucinations. In section [2.2.3] Retrieval
Augmented Generation will be introduced as a possible (and widespread) solution
[53].

2.2.3 Retrieval-Augmented Generation (RAG)

Introduced by [60] as the integration of external, "mon-parametric" memory (also
known as a knowledge base) accessed by a retrieval system, to complement the
"parametric" memory of a pre-trained sequence-to-sequence transformer, i.e. a gen-

erator.

The retrieval system itself usually includes several components. Suppose the knowl-
edge base is a set of documents: the goal is to provide the generator with the most
relevant ones relative to the topic(s) in its input text. To achieve this, [60] treated
the input sequence of the generator as a "query' to the document knowledge base.
Thus, [60] implemented a retriever composed of two BERT models that embed docu-
ments and queries into the same space, and a ranking based on embedding similarity

between query and documents.

Similar overall blueprints are followed my most recent RAG pipelines, though most



2.2. AN OVERVIEW ON LARGE LANGUAGE MODELS 23

skip the fine-tuning performed in the introductory paper [60], as many LLM-based
embedding models are designed and benchmarked for text retrieval [40, [41), [61].

More sophisticated retrieval approaches employ multiple LLMs to fetch information
from sources and summarize a useful passage for the generator [62], an example will

be discussed in section 3.3l

2.2.4 Prompting Techniques

In section prompts and in-context learning were defined. These aspects alone
are a field for experimentation and research. There is huge variety of what can
be packaged as input to an LLM, considering that typical state-of-the-art models
have a maximum context length (which is the amount of tokens of the input+output
sequences, also called context window) in the order of 100k-200k tokens. Notably,
LLM’s in-context learning ability and general response quality tends to drop with

increasing context lengths [63], 64].

Empirically, simple questions and tasks can be successfully solved with a straightfor-
ward prompt, that does not include examples: this is named zero-shot prompting.
More complex tasks benefit from leveraging in-context learning through more elab-
orate prompts. The simplest approach is few-shot prompting, that is including
additional context and one or more examples of (prompt+expected output) pairs
56, 65].

More sophisticated prompting techniques include Chain-of-Though (CoT) and Rea-
soning+Acting (ReAct) prompting. Both are a ways to condition an LLM to perform
step-by-step reasoning through in-context learning. CoT is an extension of few-shot
prompting, in which multiple examples of input and expected output sequences are
provided. The output examples also include a series of simple, intermediate "think-
ing" steps in natural language, mimicking how a human would tackle problems
[66, 56]. CoT has been shown to be a strict improvement over few-shot prompting
on arithmetic, common sense and symbolic reasoning benchmarks [66]. ReAct is a
further extension of CoT, where an LLM is conditioned to output verbal "reason-
ing" alternated with "acting", meaning interacting with an environment or "action
space", and "observing" the result of actions [67]. In two experimental settings in
the pioneering paper [67], the "action space" consists of calling the Wikipedia API
to look up information or finalizing the answer. Quoting [67], the example output

sequences include a combination of "thoughts" that:

o Decompose questions (“I need to search x, find y, then find z”)
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o Extract information from Wikipedia observations (“x was started in 1844”,

“The paragraph does not tell x”)

o Perform commonsense (“x is not y, so z must instead be..”) or arithmetic
reasoning (“1844 < 1989”)

o Refine a search (“maybe I can search/look up x instead”)
 Synthesize the final answer (“..so the answer is x”)

"Acting" can be interpreted as a generalization of tool calling, introduced in section
. In practical applications, the two concepts can be considered synonymousﬂ
Thus, ReAct can pragmatically be treated as CoT prompting where output sequence
examples include appropriate tool-calling, as shown in the example prompts in [67]
and [68]|ﬂ ReAct is also a way to introduce a sort of 'active’ RAG, contrasting

hallucinations and factuality errors [67].

2.2.5 LLMs together strong - Agentic Systems

Following the introduction of tool-calling and advancements in inducing "reasoning"
in LLM outputs (either through prompting or as an "inherent' feature through post-

training), a recent concept in literature and industry media is that of "LLM Agent".

An informal definition is the following. An agent is a LLM (or any Al system) able
to perform 'reasoning', "planning" and "actions" autonomously [68, 62]. An agent
is able to interact with tools, the user and often other agents, and has access to a

memory of past interactions [62].

In multi-agent, or agentic, systems each LLM instance (i.e. each agent) has a unique
role as a consequence of a different set of prompts and available tools. Their inter-

action may follow several design patterns, such as [62]:

o Chaining pattern: multiple agents, in sequence, perform a different task each,

usually extending or editing the output of previous agents

o Router and Orchestrator-Workers patterns: a central agent creates and/or

assigns tasks to specialized agents

o Evaluator-Optimizer pattern: one agent generates output, another evaluates
it and provides feedback to the first

4See for instance the ReAct agent implementation in LangChain
SPrompts are also available on GitHub


https://python.langchain.com/api_reference/langchain/agents/langchain.agents.react.agent.create_react_agent.html
https://github.com/snap-stanford/POPPER/blob/main/popper/prompt_utils.py
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Empirically, multi-agent systems yield better results compared to a single-LLM base-
lines, especially on tasks that benefit from agent specialization. Splitting a task
across multiple agents is also a more optimal use of LLMs’ finite context windows.
[69] show significant accuracy improvements of their multi-agent "debate' system,
without any tools, compared to a single model on the same zero-shot prompts. Tests
were conducted on a variety of benchmarks, including the aforementioned MMLU
[57], GSM8K (grade school math problems) [70], arithmetic, biographies and chess,
implying a factuality improvement as well. Multi-agent applications built using Mi-
crosoft’s AutoGen framework also exhibit improvements over single agents systems
in its introductory paper [71]. Specifically, [T1] reports higher success rates over
single tool-equipped LLMs, some also using ReAct prompting, on math problems,
the ALFWorld (decision making in household tasks) [72] and OptiGuide (coding

and supply chain optimization) [73] benchmarks.
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Related Work

3.1 Large scale causal discovery

Section 2.1.3]introduced some definitions and evaluation criteria on divide and con-
quer approaches for CD, without describing a precise method. As mentioned, dif-
ferent algorithms may primarily be classified by the strategy used for each of the
key phases in the process: the Divide step, the Conquer step and the Merge step. It
is thus in order to provide a brief comparison of approaches discussed in literature,

clearly delineating the strategy for each phase.

A first family of methods builds partitions through hierarchical clustering. [74]
proposes a clustering strategy using a correlation-based distance metric, obtain-
ing non-overlapping groups of variables. Local graphs for each partition are found
through a constraint-based algorithm (PC [75]). Connections between groups are
added through a two-phase strategy that first finds candidate edges using correla-
tion between residuals and then filters them through CI tests. Candidates are are
then selected and oriented using a modified BIC score criterion. Similarly, [76] ap-
plies hierarchical clustering, but treats discrete and continuous variables differently:
in the former case, it employs a mutual information distance metric, while in the
latter it too relies on correlation. During the clustering phase, some edges are also
"blacklisted". Within each cluster, the PC algorithm [I4] is applied to recover an
undirected skeleton, excluding the blacklisted edges. Inter-group connections are
later established using CI tests between pairs of nodes in different clusters. Final
edge orientations are then obtained by finding v-structures. More recently, [77]
proposed a modified hierarchical clustering based on correlation, merging together

smaller clusters. PC [I4] is then used in the conquer phase. Merging is carried out

26
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similarly to [74].

A different class of methods relies on iterative CI testing to create a causal parti-
tioning. [34] develops a partitioning algorithm based on finding conditioning sets
that d-separate random pairs of variables. The conquer step can be carried out by
any causal discovery algorithm that outputs a DAG; the authors use LINGAM [7§]
in their experiments. The merge phase introduces a novel ranking scheme, where
edges are ordered by significance scores (retrieved from the underlying CD algo-
rithm). Conflicts are resolved by discarding edges inconsistent with higher-ranked
ones, while redundant edges are checked by performing CI tests using existing paths
as conditioning sets. [36] introduces CAPA, a recursive partitioning algorithm based
on iterative higher-order CI tests (see definition . Once groups are defined, a
constraint-based method (PC [I4]) is applied to each, while mismatches in edge di-
rections are resolved during merging by performing CI tests on residuals and finding
v-structures. These two sources are also the ones that provide formal definitions for
causal partitioning (definitions [2.1.18 and [2.1.19) in section [2.1.3|

Other approaches assume or construct a tentative graph structure as the starting
point. [31] first identify an undirected graph through CI testing, which is then re-
cursively split into overlapping groups by finding sets of nodes that d-separate graph
components. Local DAGs for each partition are found using a score based method
(MIT [79]). Local graphs are then merged by eliminating directed edges not con-
sistently present across groups and so that existing v-structures remain unchanged.
[30] assumes that an undirected "superstructure' containing the true graph is al-
ready available. Using community detection algorithms such as greedy modularity,
they produce disjoint partitions, which are then expanded into overlapping ones by
including adjacent nodes from the full superstructure. Best results were achieved by
running the GES [17] and DAGMA [16] score-based algorithms on each partition.
The merge phase then joins local graphs, discarding edges not present in the initial
superstructure. In an edges appears in all partitions, it is kept as undirected before
determining orientation using v-structures. Notably, the experiments in [30] show
their method outclassing the one introduced by [74]. Finally, [37] explores a novel
direction by incorporating large language models (LLMs) into the divide step. For
each variable, an LLM is queried to suggest a set of potential parents, under the
assumption that the true parents are contained within the suggested set. This re-
sults in a preliminary DAG. The nodes are then divided into overlapping partitions
using a greedy search, such that no edges exist between the non-overlapping por-
tions. Within each group, any baseline algorithm may be applied to learn a DAG,
with best results obtained using the Hill Climbing [80] score-based algorithm. Par-
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Source | Divide Conquer Merge
[74] | Cluster (correlation) | PC Add edges (correlation & CI
tests), filter with BIC
[76] | Cluster (correlation & | PC Add edges (CI tests)
MI)
[77] | Cluster (correlation) | PC Add edges (correlation & CI
with merging tests), filter with BIC
[34] | Find d-separating sets | LINGAM Solve conflicts using edge
ranking
[34] | Low-order CI tests PC Solve conflicts using CI tests
and v-structures
[31] Find d-separating sets | MIT Remove inconsistent edges,
in undirected graph keep v-structures
[30] | Community detection | GES, Discard inconsistent edges,
on undirected graph DAGMA orient using v-structures
[37] | Partition an LLM- | HC Remove edges using BIC

suggested DAG

Table 3.1: Summary of methods for each phase in Divide-and-Conquer

tial graphs are then joined, with conflicts in overlapping portions resolved through
BIC-based edge elimination, and cycles removed using a similar BIC-guided crite-
rion. Interestingly, [37] provides a comparison between their merging method, a
"naif" approach where the merged graph is just the union of the subgraphs, and the
methods in [36], [34] and [31]. Their benchmarking on datasets from the Bayesian
Network Repository shows that their BIC-based method for solving conflicts yields
the best results.

Different methods for each divide-and-conquer phase are summarized in table [3.1]
It is evident that the partitioning process can be performed with two distinct ap-
proaches. It can either start (or find) an oriented superstructure (such as in [31].
[81], [30]), or find a causal partitioning from data ([36], [34], [74]). In the latter case,
partitioning is estimated by a heuristic, either based on clustering or on low-order
CI tests.

Further, not all mentioned methods produce a causal partitioning satisfying the
definitions in section [2.1.3] In particular, approaches based on hierarchical cluster-

ing actually output disjoint partitions, and thus have to add connections between
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partitions during the merge phase.

3.2 Causality and Large Language Models

The potential application and challenges of LLMs in causal inference have been the
subject of recent research. Methods mostly rely on injecting metadata, such as the

names of variables and additional context on the dataset, in the prompts for an
LLM.

An influential paper for this study is [82], which systematically tested OpenAl’s
GPT-3 and two other models on causal discovery tasks. The experiments covered
six bayesian network benchmarks of modest size (n = 2 — 10 nodes). The mod-
els were prompted in natural language with multiple causal queries such as “Does
X cause Y?”7 or “Is there a causal connection between X and Y?”, using different
wording/phrasing. The models had no access to external knowledge or data. The
authors also queried models on abstract reasoning (logical causal chain problems,
e.g., “If A causes B and B causes C, does A cause C?”) and intuitive physics scenarios
(common-sense cause—effect situations such as objects falling off tables). GPT-3 per-
formed best overall, with relatively high accuracy on both abstract reasoning (11/15
correct) and intuitive physics (21/36 correct), though it failed once causal chains
grew over six links. In contrast, other models often produced nonsensical or unstable
answers. In structure discovery tasks, model behavior varied systematically: GPT-3
tended to underpredict edges, producing overly sparse graphs, while the other models
(Luminous, OPT) often overpredicted connections. Models also showed sensitivity
to prompt phrasing. 'Symmetric" forms like “Are X and Y causally related?” led
to ambiguous bidirectional associations, whereas "asymmetric" prompts like “Does
X cause Y?” made GPT-3 output more accurate directed edges, with fewer false
positives. The authors conclude that GPT-3 shows promising but limited causal
competence: it can reproduce fragments of causal knowledge, likely learned from its
training corpus (“correlations on top of causation”) and answer many commonsense
causal questions, however it does not reliably generalize. While such models are not
causal discovery tools in the classical sense, they argue that they may serve as useful
starting points or "knowledge priors", to be combined with explicit causal inference

methods.

More recently, the same authors in [83] formalized why LLMs sometimes appear to
succeed at causal inference. They introduced the notion of meta-SCMs: SCMs (see

section [2.1]) where the variables encode high-level statements about causal relations



30 CHAPTER 3. RELATED WORK

(e.g., “altitude causes temperature”) rather than the specific variables themselves.
LLMs may answer causal questions correctly not because they infer causality from
data, but because during training they have memorized correlations between such
causal statements, essentially "correlations" about causality. To test this hypothesis,
they repeated the experimental setup of [82]. Their results supported the meta-
SCM explanation: GPT-3 and the other models could reproduce known causal facts
when these were well-represented in training or external data, but failed when new
'reasoning’ was required. This reinforces their point that LLMs hold fragments of
causal knowledge but are unable to truly perform inference. An interesting con-
tribution was the inclusion of retrieval from the external source ConceptNet [84]:
they showed that accuracy improved only if the relevant causal facts are explicitly
present in the knowledge base. They used the term “causal parrots” to stress that
scaling transformer models alone does not yield genuine causal reasoning. However,
their experiments confirmed that RAG (see section can meaningfully boost

performance.
As listed by [85], common approaches to employ LLMs in causal discovery include:

 Pairwise queries, such as those used by [82, 83] as mentioned above and also

by PyWhyLLM [86][]

o "Efficient" search methods to reduce the number of queries, such as the Breadth-
First Search (BFS) method by [R7[]

o Combining LLMs with statistical CD methods (see section [2.1.1]) [88], [89]

o Agentic systems with access to external knowledge and/or coding tools to
perform data analysis, used by [85] themselves, [90], [91], [92]

Overall, results show improvements over baseline methods such as PC, LINGAM,
NOTEARS, and GES on smaller bnlearn networks (n = 5 — 27), with several works
also demonstrating competitive performance on the larger Neuropathic Pain bench-
mark (see section 2.1.2)).

The pairwise approach of PyWhyLLM [86] showed that GPT-3.5 and GPT-4 can
recover causal edges with non-trivial accuracy: on a reduced (100 nodes) Neuro-
pathic benchmark, GPT-3.5-turbo achieved an F1 score of 0.68, more than double
the random baseline, while GPT-4 achieved the lowest Hamming distance (0.22) on
the Arctic sea ice dataset (27 nodes), outperforming NOTEARS, DAG-GNN, and
TCDF. The BFS method [87] surpassed GES, PC, NOTEARS, and DAGMA on

1Code available on |GitHub
2Code available on (GitHub


https://github.com/py-why/pywhyllm
https://github.com/superkaiba/causal-llm-bfs
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Asia (8 nodes) and Child (20 nodes), and is notably the only method claiming to
scale effectively to the full Neuropathic (222 nodes), where most classical algorithms

become intractable.

[89] showed that GPT-4’s prior knowledge augmentation technique improves baseline
PC, Exact Search, and DirectLINGAM on Auto MPG (5 variables), DWD climate

(6 variables), and Sachs (11 variables) benchmarks.

Coding agents in [85] outperform PC and DirectLINGAM on Auto MPG, DWD
Climate, and Sachs. The multimodal framework in [91] surpasses both statisti-
cal and LLM-only baselines across Auto MPG, DWD Climate, Sachs, Asia, and
Child. Finally, the Agentic Stream of Thought (ASoT) proposed by [92], combining
GPT-4o, Claude 3.5, and Phi-3 ensembles, outperforms many baselines (PC, GES,
NOTEARS, GAE, DAG-GNN) on Auto MPG, DWD Climate, Sachs, Sangiovese
(15 nodes), and Neuropathic (100 nodes).

Another major influence for this study, on the practical side, was [8§] E], which
introduces CausalCopilot, a chat interface to guide causal discovery with human
feedback. Introducing human feedback is an approach gaining popularity in the
fields of machine learning and Al, and is commonly referred to as Human-in-the-
loop [93, [94].

CausalCopilot [88] lets the user start a "conversation' by uploading a dataset and
a description, and its key purpose is on performing a complete causal inference
pipeline, starting with data exploration, describing variable labels, and statistical
tests to determine correlated groups. It then selects an appropriate causal discovery
algorithm (such as PC, FCI, XGES, KCI) given the characteristics of the dataset.
CausalCopilot hands over key decisions to the user at fixed checkpoints, to double-

check its findings or steer the process. For instance, the system asks:
o Whether the user wants to focus on a particular subset of variables
o If the user approves the selected CD algorithm

o If the user wants to edit the discovered causal graph by adding or removing

edges

The authors employed synthetic and semi-realistic benchmarks ranging from small
graphs with 5-25 nodes up to large-scale networks of 1000 nodes from various do-
mains, including clinical, financial and social network data. They compared perfor-
mance against standard causal discovery baselines (PC, FCI, GES, DirectLINGAM)

3Code available on (GitHub


https://github.com/Lancelot39/Causal-Copilot
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as well as time-series methods (PCMCI, DYNOTEARS, VARLINGAM, NOTEARS)
and a zero-shot LLM baseline (GPT-40). While performance is comparable to base-
lines on simple graphs, CausalCopilot shows improvements on large, noisy, or het-
erogeneous datasets where baselines often fail to scale. A key limitation is that
human interaction occurs at fixed checkpoints, and that the user has to write spe-
cific commands or write using a specific format. This allows for limited flexibility,

and does not allow for user interaction during the actual discovery process.

3.3 Agentic Systems in Science

Section introduced the potential of collaboration between multiple LLM in-
stances equipped with external tools, or "agents". Several works exist on the imple-

mentation of agentic systems for real-life science and engineering tasks.

A recent example is POPPER [68]. In this framework, a hypothesis is defined as
a general statement about the relationship between variables: for instance, “gene
GRAP2 regulates IL-2 production.” POPPER adopts an Evaluator—-Optimizer pat-
tern (see Section[2.2.5)): an "Experiment Design Agent' proposes a concrete testable
implication (a sub-hypothesis) of the main hypothesis, and an "Experiment Execu-
tion Agent" carries it out. For example, given the GRAP2 hypothesis, the Design
agent might suggest checking whether GRAP2 is expressed more strongly in immune
tissues than in others. The Execution agent then retrieves a relevant dataset, runs a
statistical test, and returns a result. If the result does not provide enough evidence,
the Design agent is prompted again. The overall workflow includes several nuanced
interactions. The Design agent contains a self-refinement loop: after producing an
initial proposal, it critiques and revises it on aspects such as causality, feasibility,
and redundancy. Said proposal is then passed to a "Relevance Checker" agent, which
verifies that the test is aligned with the original hypothesis, before being handed to
the Execution agent. The latter is actually implemented as multiple agents: a "Cod-
ing Agent" that selects an appropriate dataset and writes Python code to run the
test, an "E-Value Estimation" agent that interprets evidence, finally a "Summarizer"
agent that elaborates a conclusion. Benchmarked across domains such as biology,
economics, and sociology, POPPER shows how agentic systems can automate sys-
tematic validation of scientific claims. Remarkably, in biology it performed on par
with PhD-level human experts, completing the task in a fraction of the time. POP-
PER thus demonstrates how a well-designed agentic system can serve as a practical

"'substitute" for domain experts in scientific reasoning given a well-defined problem.
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Another relevant framework is MetaGPT [95], which focuses on software engineer-
ing as a real-world testbed for multi-agent systems. Its design adopts an “assembly
line” interaction pattern: specialized agents (Product Manager, Architect, Engineer,
QA) interact through structured outputs such as requirement documents, diagrams,
and interface specifications. The Architect translates the Product Manager’s re-
quirements into system designs, which are then implemented by the Engineer and
verified by the QA agent. A self-correction loop allows the Engineer agent to itera-
tively execute, debug and refine code. MetaGPT aims to mirror human procedures,
verifying intermediate results at each step and reducing cascading errors. Agent
interaction occurs through a shared message pool, and each agent is able to selec-
tively access just the ones relevant to its role. Its results on the HumanEval [96]
and MBPP [97] coding benchmarks reached state-of-the-art code generation per-
formance. MetaGPT also achieved near-perfect completion on complex software

development tasks.

As mentioned in section [2.2.3] a line of research and experimentation is that of
"Agentic" RAG systems, an example being LangChain’s "Local Deep Researcher” E|
The general principle is that, instead of simply retrieving relevant text passages from
a knowledge base using similarity between query and documents, a series of LLMs
refine query wording, retrieve passages, and produce a summary. Specifically, Local
Deep Researcher searches the web using search engine APIs, such as DuckDuckGo’s
API. Web page contents are summarized, keeping track of the original source. A
'reflection” agent then reads the summary draft: if it is deemed unsatisfactory,
another agent writes a more specific query and calls for an additional round of web

search; otherwise, it returns the final answer.

Section stated that agents keep a memory of their interactions. [98] provide
a convenient overview of concepts and techniques in memory mechanisms. Memory
can be broadly divided into short-term and long-term memory. Short-term memory
corresponds to the information accumulated within a single sequence of consecutive
interactions, often managed through message histories or caches. Long-term memory
stores knowledge that persists across multiple interaction sequences or even multiple
tasks, including information from external sources. Design patterns for managing
long-term text memory include storing summaries of past interactions and retrieving

them through embedding-based similarity, akin to RAG systems.

4Code available on (GitHub


https://github.com/langchain-ai/local-deep-researcher

Chapter 4

Method

This chapter describes the architecture and core principles of a novel method for
causal discovery. Following the discussion in section [3.1] each phase of the divide-

and-conquer algorithm will be described separately.

4.1 Main Idea

Automating root cause analysis represents a key research interest in manufacturing
scenarios, as well as many science and engineering applications. This project intro-
duces an Al assistant intended to aid human experts in causal discovery, leveraging

both LLMs’ abilities and statistical methods, wrapped in a chat-like user interface.

Inspired by previous research, introduced in sections [3.1] and [2.2.5] the proposed

method combines three design patterns:
o Multi-agent collaboration
e Divide-and-Conquer approach
o Human-in-the-Loop

As previously discussed, all three aspects have been proven to be effective in scaling
causal discovery on observational data. The original contribution introduced in this

study is their combination.

Specifically, the goal is obtaining satisfactory performance on a realistic simulated
dataset, the CausalMan benchmark [33] (see section [2.1.2), composed of 186 ob-
served variables of mixed type (both discrete and continuous) and whose underlying

process involves complex, non-linear structural relationships, as well as many hidden

34
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confounders.

The system is composed of: an Explain module; a Divide module, a Conquer

module, a Combine module, a RAG module, a Memory module.
Overall, the process follows a sequential pattern:
I. The user provides a dataset and (optionally) a description
II. The Explain module expands the user-provided metadata
III. The Divide module recursively partitions the variables (see section
IV. For each partition, the Conquer module finds a causal graph

V. The Combine module combines graphs together, until the final, full result is

obtained

Within the four main modules (Explain, Divide, Conquer, Combine), LLM agents

may query the RAG and Memory modules, as well as the user.

A key hyperparameter is k, being the maximum allowed size for variable partitions.

It is however not used by all methods within Divide.

The main frameworks used for building the multi-agent architecture are the LangChain
[99] and LangGraph [I00] python libraries.

The following sections will detail the functioning of each module, starting with the

two "helper" components.

4.2 RAG and Human-in-the-Loop

An ideal AI assistant should efficiently acquire external information to keep its

answers grounded in reliable sources (see sections [2.2.2| and [2.2.3). Every agent in

the main modules may, at any point, gather external knowledge either via Retrieval-
Augmented Generation (RAG) or via human interaction (Human-in-the-Loop). Both
are discussed here as they serve similar purposes and because, from a practical point
of view, both options are provided to each LLM instance as tools (see section .

For enabling Human-in-the-Loop, agents may call a function that queries the user
for additional information, printing a natural language question either via terminal
or via chat interface. For instance, an agent may ask for the definition of a cryptic

label, more detailed context or to confirm a causal relationship. As mentioned, this
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Figure 4.1: Overview of the proposed method and its main components

interaction is made on-demand as a tool call. The user can freely type an answer,

which is directly sent to the agent as a tool call output.

Similarly, agents have the capacity to dynamically invoke an Agentic RAG sys-
tem on demand. This is implemented as a tool wrapping of LangChain’s "Local
Deep Researcher' E|, introduced in section itself equipped with DuckDuckGo’s
search API. Starting from a natural language query, Local Deep Researcher can au-
tonomously perform multiple rounds of web search, refine the query and summarize

results.

4.3 Memory

The memory mechanism is implemented as a data structure M designed to store
metadata and summaries of Agents’ past interactions with the user or the RAG

module, as to avoid redundant questions or web searches.
It holds the following:

e domain: a string containing the dataset’s domain Dg,mqin, for example:

1GitHub


https://github.com/langchain-ai/local-deep-researcher
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"domain": "Manufacturing and press-fitting"

o general description: a string containing the overall description of the dataset,

Ddescription, for example:

"general description": "The dataset contains sensor measurements
— and quality control flags from a production line. The

— manufacturing process involves press—fitting of..."

e variable_descriptions: a dictionary containing the label of each variable in

the dataset Djupers, and a corresponding detailed description, for example:

"variable descriptions": {
"PF_M1 T1 Force": "Press-fitting force applied by machine 1 on

— bore 1..."

e tool call summaries: a dictionary of dictionaries where past tool calls are

stored under unique ids, for example:

"tool call summaries": {

nqn. {
"variables of focus": ["PF_M1 T1 Force", "PF_M1 T1 Fmax"...],
"summary": "Maximum force during press fitting may be

— influenced by displacement and average force...",
"embedding": [-0.057, 0.762, ...]

Prior to discussing memory memory management, it is important to note that the
main modules (Explain, Divide, Conquer, Combine) are designed to be executed on
a subset of the full dataset D. For example, if V = D45 is the full set of variables,
an iteration of Divide may run on a smaller partition P C V. This aspect will be
further detailed in their respective sections. What is relevant in terms of memory

management is that, at each point during the execution of the main modules, the
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system keeps track of what variable set P the module, and thus any specific LLM

agent within it, is processing.

Memory writing occurs in two ways. The dataset’s metadata, namely domain and
general description, are initialized with the user-provided description (Dgomain
and Dgescription), While variable_descriptions gets initialized as an empty dictio-
nary. During the execution of the Explainer module, general description and
variable_descriptions are progressively updated. Tool call outputs, whether
originating from human messages or from the RAG module, are processed in the
following manner. The raw string output [ is first summarized by a Summarizer
LLM S, guided by few-shot prompting. In addition to the textual summary, S also
produces a list of variable labels (among the ones in P) to which the content is most
relevant. Employing a type of keyword augmentation for embeddings inspired by
[T0T], the summary and its associated labels are concatenated into a single string,
which is then passed as input to an embedding LLM &£. The resulting embedding

vector is subsequently stored within the memory entry.

Memory reading is also handled in two different modes. Metadata is injected
into the prompts for each agent in the main modules. Specifically, domain and
general description are inserted into all downstream prompts.
variable_descriptions are selected based on what variable subset P is being
processed by the LLM at invoking time. Tool call summaries are retrieved using
embedding similarity: before invoking an agent, the variable labels within the subset
P are inserted in a retrieval query [}

& then embeds the query, and cosine similarities between query and summary em-
beddings are used to retrieve summaries according to a similarity threshold. If any
matches are found, the corresponding entries T}, are inserted into the current agent’s

prompt.

4.4 Explain

Prior to the Divide-Conquer-Combine modules, an Fxplainer LLM agent X gath-
ers additional information about the task and dataset context to expand the user-
provided metadata. By doing so, it decreases the ambiguity about the meaning of

each variable.

2e.g.: "Studies show that force measurements in manufacturing are influenced by
tolerances..."
3e.g‘: "Retrieve passages relevant to these variables: PF_M1_T2_Force,

PF_M1_T2_Fmax"
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X operates in two modes. For both, X employs ReAct-style prompting (see section
2.2.4] albeit with different examples depending on the mode.

First, all user-provided metadata, i.e. domain Dgmain, variable labels Djgpes and
description Dygeseription are provided to the agent. Next, X outputs an expanded
dataset description Dg, . iprion:

X
Ddescription — X (pX, 15 Ddomain7 Ddescm’ption; Dlabels) (4 1)

Py 1 is the set of fixed prompts containing general directions for the agent and
ReAct-style examples (see section [2.2.4) for the first mode. Dgeseription and Digpers

are inserted into a separate prompt template.

In the second mode, X is prompted to provide a detailed definition of each variable
label:

X _ X
Dlabels =X (pX, 2 Ddomainy Ddescription’ Dlabels, TM) (42)

Px o are the fixed prompts, with examples, for the second Ezplainer mode, and Ty,
are past tool call summaries retrieved from M. Pragmatically, variables in Djgpes

are divided into batches of 2k-size, to avoid context window limits.

The updated metadata Dy, ..ipp0n a0d Dig, are finally stored in the memory M,

under general description and variable_descriptions fields respectively.

4.5 Divide

The Divide phase recursively partitions the variable set V with the aim of grouping

causally related variables together.

Theoretical definitions on Causal Partitioning were discussed in section [2.1.3] the
bottom line being that obtaining a valid one is key for not losing information. There-

fore, this section introduces multiple alternative methods within the Divide module.

The first strategy (referred to as Meta-Agents) is to rely solely on metadata, and
thus on a partitioning suggested by LLM Agents. Two other, hybrid strategies,
combine data and metadata as follows. LLMs are first used to generate a tenta-
tive clustering of variables: either by querying agents, as in Meta-Agents, or using
an embedding-based clustering. Then, similarly to CAPA [36] (see section [3.)),
low-order CI tests are applied to construct an adjacency matrix. The clustering
provided by the LLMs serves to restrict the search space of these tests. Following
[30] (also discussed in Section [3.1)), the resulting structure is partitioned into dis-
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joint communities via a community detection algorithm. These communities are
then expanded by adding neighboring nodes from the full adjacency matrix. These
hybrid strategies are denoted Hybrid-Agents and Hybrid-Embeddings, depending on
the LLM clustering method.

4.5.1 Meta-Agents Method

This is carried out by two LLM agents, in an Evaluator-Optimizer pattern with a
single iteration (see section [2.2.5)): the Divide-hypothesis agent Dj, and the Divide-
critic D, agent. Both agents leverage the information gathered by the explainer

agent to estimate a causal partitioning of the variable set V.
Formally, given a set of variables P; C V, the Divide-hypothesis agent Dy, first
proposes a possible partitioning,

{Pi,la-"7P’i,N} <_,Z)h (pDhaPiaDdomainaDX DX

description’ " labels

NP, Ty)  (43)

where P;; denotes the j-th partition of Py, such that U; P;; = P;. pyy, is the set
of fixed prompts for Dy, (containing general instructions and ReAct style examples).
D jomain 1s the dataset’s domain. foesmptwn is the expanded dataset description and
Dt NPy is the subset of variable definitions corresponding to the labels in P,
both stored in M. T); are past tool call summaries retrieved from M. Different

partitions can overlap, i.e. P;; N P;; might be non-empty for some j and [.

Following, a D, is tasked to review the partitioning and apply corrections if neces-

sary:

{pi,h sty pl,N} — DC (p’Dm {Pi,17 ceey Pi,K}7 DdomaiTw DdXescription7 D;gbels N Pia TM)
(4.4)
Pxe, is the set of fixed prompts for D, (with ReAct style examples). A single

invocation of D;, and D, is considered a Divide step.

Partitions are stored as nodes in a tree-like data structure, a Partition Tree, where
f’i,l, R f’i,N are children of P;, with the root node being the full set V. The causal
partitioning process proceeds recursively: for any leaf node P; in the Partition Tree,
such that |P;| > k, a Divide step is executed again. At this stage, the agents Dh
and Dc decide whether to further split the partition P;; if they do not, the current

level of granularity is considered sufficient for causal discovery.

Prompts pp;, and pp, include instructions on dividing variables into a causal parti-
tioning. In particular, they contain actionable directions based on definition [2.1.18],
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Figure 4.2: Overview of the Divide-and-Conquer paradigm, displaying how hierar-
chical partitions are stored in a Partition Tree structure after the Divide phase

suggesting to output overlapping groups such that potentially connected variable

pairs are "together" in at least one group.

4.5.2 Hybrid-Agents Method

This method employs an algorithm for iterative CI tests (similar to CAPA [36]), a
community detection algorithm combined with "causal expansion" (as in [30]), and
the Dy, and D, agents pair. Referring back to equations[4.3] .4 and the definition of
Partition Tree from the previous section, the algorithm below provides an overview

of the process.

In Algorithm [I| Divide agents D;, and D, are first called to suggest a clustering of
variables in V, C, rather than directly update the Partition Tree.

The data-driven algorithm (lines 8-19 in algorithm [1)) then acts on leaf (child-less)
nodes P C V in the Partition Tree, including the root node, i.e. V itself. For any
leaf node P with more than k variables, the routine CI_CD_partitioning (details
in |2)) is called: its job is first to update the adjacency matrix A by performing CI
tests of order t between pairs of variables within P. If the specified order ¢ is greater
than 0, it uses the clustering C to restrict the CI tests to only pairs of variables

belonging to different clusters, and such that the conditioning set is also within the
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Algorithm 1 Hybrid-Agents Overview
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Input: dataset D, variable set V, t,,4., k

ADDNODE(PartitionTree, V) > Root of Partition Tree
Attempts «+ {} > Dictionary: set P — CI test order ¢
A+ 1,un > Adjacency matrix, n := | V|

{91, ceey QN} < Dh(V)
{Cy1,...,Cn} < D(V)
C+ {Cy,...,Cn} > Clusters from agents
for all leaf nodes P in PartitionTree with |P| > k do
if P in Attempts then
t < Attempts[P] + 1
else
t<+0
if t <t,,,, then
A, {Pq,..., Py} « CI_CD_ PARTITIONING(Dp, P, A, t,C)
if N > 1 then > If more than one partition
for all partitions P; in {Py,..., Py} do
Attempts[P;] <t
ADDNODE(PartitionTree, P;)
Attempts[P| <t

for all leaf nodes P in PartitionTree with |P| > k do
{P1,...,Pn} < Dy(P) > Invoke agents on large partitions
{P1,..., Py} < D(P) )
for all partitions P; in {Py,..., Py} do
ADDNODE(PartitionTree, P;)

return PartitionTree
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union of the two clusters. A community detection algorithm (Greedy Modularity
[102]) is then called on the subset of A corresponding to the variables in P (Ap).
Greedy Modularity splits P into disjoint communities (P;).

Communities undergo an "expansion" process, where for each community P; an
expansion set E is constructed, containing all nodes X; such that they are adjacent
(in A) to some node X}, within P;. If all expanded communities P; are smaller than
the starting variable set P, then the partitioning is successful and they get added to
the Partition Tree as children of P. On the contrary, if said partitioning fails, the
order of the CI tests t is stored, so that the same partition can be processed again

using a higher order.

After the data-driven phase is completed, if any partitions are still over the k size
threshold, the LLMs Dy, and D, are invoked again (lines 20-24) to try and split them
further.

The standard networkx implementation of Greedy Modularity [103] is used at line
8 of algorithm . The chonsen CI test (lines 4 and 13 of algorithm [3)), is the x? test

from the causal-learn library [104].

Algorithm 2 Partitioning with CI tests and community detection

1. procedure CI__CD_ PARTITIONING(dataset subset Dp, variable set P, adja-
cency matrix A, CI test order ¢, variable clustering C)

2: if t =0 then

3: A"+ CI_tESTS(D, P, t)

4: if ¢t > 0 then

5: A"+ CI__TESTS_RESTRICTED(D, P, ¢, C)

6: if A’ # A then

7 A+ A

8: {Py,...,Py} < GREEDYMODULARITY(Ap)

9: for P, € {Py,...,Px} do > Community expansion
10: E <+ 0

11: for X, € P; do

12: if A, =0 for some X; ¢ P; then

13: E+— EU{X;}

14: :PZ — Pz UE

15: if |P;| < |P| for all P; € {Py,..., Py} then > Check sizes
16: return A, {P,,..., Py}

17: else

18: return A, {}
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Algorithm 3 Conditional Independence testing routines

1. procedure CI__TEsTs(dataset D, variable set P, test order t)

2 for X, Y € P do

3: for Z C P\ {X,Y} such that |Z| =t do

4: Pval < CI_TEST(D)(, Dy7 Dz)

5 if pyu > 7 then > p-value threshold hyperparameter
6 AX,Y ~0

7 return A

0]

: procedure CI__TESTS_RESTRICTED(dataset D, variable set P, test order t,

clusters C)
9: for C, € C do

10: for Cy €C, Cy # C do

11: for X € C;, Y € C; do

12: for Z C C,UCy \ {X,Y} such that |Z] =t do

13: Pval < CI_TEST(D)(, Dy, Dz)

14: if pyu > 7 then > p-value threshold hyperparameter
15: Axy <0

16: return A

4.5.3 Hybrid-Embeddings Method

Similarly to the Hybrid-Agents method, an LLM-based clustering is employed to
restrict CI tests of order higher than 1. However, instead of querying agents to

suggest a partitioning, clustering is performed on text embeddings.

First, inspired by the keyword augmentation technique described in [101], a Key-

words agent K is invoked for each variable label and description in DjY, , :
keywords < K (p,C, Diomains Dieseription> {12bel, description}, TM) (4.5)

Similarly to previously introduced agents, py- contains fixed instructions with ReAct-
style examples and T}, are past tool call summaries retrieved from M. K is prompted
to generate keywords or keyphrases related to the variable label and descriptions.
Said keywords encode context on the dataset, or act as "tags" useful to group causally

related variables together. For example:

IC({"PF_M1_T1_Force", "Pressing force measurement at bore 1..."})

l

{"Step 1","Machine 1", "Press Fitting Tolerances", "Quality Control"}
(4.6)
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The keywords and label+description strings are fed separately to the embedding
model &: €}, < £(keywords) and €, <— £(label: description). Following the

example above this looks like:

[0.023,—0.039, ...] +~ E("PF_M1_T1 Force: Pressing force measurement...")

[—0.314,0.556, ...] < £("Step 1, Machine 1, Press Fitting Tolerances, ...")
(4.7)

The two embedding vectors €y, €4 are then concatenated into a single 1-d vector
€. of doubled dimension. After repeating this embedding step for each {label,
description}, the stacked set of concatenated vectors E= [€ets- .y Cen) is used as
input for a standard agglomerative clustering algorithm from the sklearn library,

obtaining a set of clusters C = {Cy, Cs,...}. The overall process in summarized in
algorithm [4

After this clustering phase, the method follows the same data-driven procedure
described in the Hybrid-Agents algorithm [I], lines 8-19. In this method, the final
partitioning step done by the Divide agents D, and D, (lines 20-24 in algorithm
is skipped.

Algorithm 4 Keyphrase-augmented clustering on embeddings

1: procedure EMBEDDINGCLUSTERING (dataset domain D gomqin, dataset descrip-
tion Dy, . iption> Variable labels Di¥, ;)

2 B+ ]

3. for all {label, description} in D;Y, . do

4: keywords < K (p,c, Daomains Dfoseriptions {1abel, description})

5: €iq < E(label: description)

6: €rw < E(keywords)

7: €. 4 € D €1g > Concatenation in R2?
8: Append €T as a row in E

9: C <+ AGGLOMERATIVECLUSTERING(E)
10: return C

4.6 Conquer

The previous section introduced three original methods for recursively partitioning
the set V composed of n = |V| variables. It also mentioned how partitions are
stored in a tree-like data structure, a Partition Tree, whose leaf nodes contain the

smaller, potentially overlapping, sets of variables P C V| such that |[P| <k <n E]

4Though this condition is not guaranteed, as will be evident in section
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The Conquer module is called on each leaf partition and executes the actual Causal
Discovery, yielding either a directed mixed graph or a PAG, depending on the chosen
method (refer to section [2.1.1]).

Running any standard CD algorithms is a viable option in this phase, thanks to
the reduced number of variables. In this study, two LLM-driven CD methods are
benchmarked, comparing them to baseline algorithms in section 5] One method just
relies on LLM agents (Agents), and thus on metadata, and another method takes
agents’ suggestions as prior knowledge for a constraint based algorithm (Agents-
FCI).

4.6.1 Agents

Similarly to the Meta-Agents method in the Divide module, a pair of Hypothesis-
Critic agents, C, and C,. suggest a local causal graph G;, in the form of a list of
directed edges E; for each leaf partition P;:

Gz(Pza Ez) — Ch (pc,ha Pi7 Ddoma'm7 DX DX

description’ " labels

é’L(PZ’ El) <_ CC (pc7c7 Pi7 Ddomaina Dézscription’ D;;bels m Pi? Gi’ TM)

NP Ti) (4.8)

where p.;, and p,. are the fixed ReAct-style prompts for both agents. Ty are
relevant tool call summaries retrieved from M. Again following an single-iteration
evaluator-optimizer pattern, the critic C. is asked to review the directed edges G;
proposed by Cj,. From pragmatic observations during the system’s testing, p,.;, was
phrased as to encourage the LLM to suggest (in a sense "overestimate') even weak
causal connections, so that G; is not 'too" sparse. Instead, p.. asks to reason on
whether the proposed connections are valid at an interventional and counterfactual

level.

Cp and C. are prompted to just output pairs of variable labels corresponding to
directed edges. The resulting G; and G; only contains arrow endpoints. The prompts
Pens Pe do not explicitly forbid bi-directed edges or cycles. Thus, formally, G; and
G, are directed mixed graphs, where edges E;, E; are either directed X — Y, or
bi-directed X +— Y.

4.6.2 Agents-FCI

In this variant, the directed edges G; from the Cj,, C. pair are used to bootstrap the
FCI algorithm [I5, 19]. Under the assumption that the edges in G; are grounded in
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domain knowledge, within FCI they are set as valid. In equation form:

G1<PZ? El) <G (pc,fw P, Daomain. D;fzscription7 Dl);bels nPk;, TM)
éZ(PZ’ El) A CC (pC,C’ Pi’ DdOW@i”’ Dci(escription’ Dl);bels N Pi? Gi’ TM) (49)

where, Dp; indicates the subset of the dataset D containing only the variables in
the partition P;, and E; C E,.

FCI is designed to handle causal insufficiency, and thus outputs a PAG (see section
2.1.1). As such, the edges in E; may be directed , bi-directed, or feature unde-
fined endpoints. The FCI implementation from the causal-learn library is used,

equipped with x? as its independence test type.

4.7 Combine

After the Divide module has been executed on each leaf partition P; in the Partition
Tree, the resulting causal graphs of sibling nodes are merged together, pruning the

Tree until only the root node V remains, thus obtaining the full result.

Given N > 2 local causal graphs G1(P1,E), ..., Gy(Py, Ey) the Combine module

acts in two phases:
I. Solve inconsistencies by edge elimination
IT. Add bridging edges between local graphs

These are detailed in the following sections, while algorithm |5| provides an overview.

4.7.1 Eliminating extra edges

Similarly to [31], conflicts between groups are solved by removing extra edges in the

overlapping portions of the input graphs G, ...,Gx.

An illustrative example of what an extra edge is the following. Suppose N = 2 and
P, NPy ={X,Y}. Suppose X — Y € Eq, but X — Y ¢ E,. The directed edge
X — Y is "extra' in the sense that is not consistently present in both G and Gb.
In such a case, P, contains a mediator Z between X and Y, but P; does not: thus

the Conquer module acting on Py added X — Z, 7 — Y to Es.

Similar cases occur for bi-directed edges or undefined endpoints: as mentioned in

section [2| these represent ambiguities in the CD process due to hidden confounders.
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Suppose now that X +— Y € E; but X «— 7,7 — Y € E,. In this situation
X <— Y counts as two extra directed edges in G; (X <— Y and X — Y), which

are explained by a confounder Z that is only present in Gj.

4.7.2 Adding bridging edges

As a way to contrast a sub-optimal causal partitioning, the Combine module also

includes an agents-based heuristic to add edges connecting local graphs.

Similarly to the Divide and Conquer modules, another Hypothesis-Critic agent
pair is used to suggest a list of directed edges. Given G1(Py1,Eq),...,Gn(Pxn, Ey)
causal graphs, the nodes in each partition P; are filtered to only keep the disjoint
component from all other partitions: P; C P;, such that P, N P; = () for all j # 1.
This step yields set of disjoint sibling partitions P = {Py,...,Pyx}. Then, two

merging agents M, and M, are invoked:

X X DD
EC A Mh (pm,h7 DdOmlliTM Ddescription? Dlabels N P’ P? TM)

) . o (4.10)
EC — Mh (pm,c7 Ddomam; Ddescm’ption’ Dlabels A P? P? EC7 TM)

where p,, ;, and p,, . are again fixed ReAct-style prompts, D, .. NP is the subset
of variable labels and associated descriptions (stored in memory) corresponding to

the variables within the disjoint partitions P; within P
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Algorithm 5 Two-phase merging of causal graphs

1:
2
3:
4:
)
6

=

10:
11:

12:
13:
14:
15:
16:
17:
18:
19:

procedure COMBINE(Partition Tree, graphs {G;(Py, E;), ...

for all E; € {E;,...,Ex} do
for all X — Y € E, do
for all E; € {E;,...,Ex}, j #ido
if {X,;Y} CPjand X — Y ¢ E, then

P«0
for Pz € {Pl, .. PN} do
for all P; € {Py,...Px}, j#ido
E. + Mh(ﬁ)
EC < Mh(f, EC)
Get parent P from Partition Tree
Gp + G (P,(U;E) UE,)
Remove nodes Pq,...,Py from Partition Tree
Return Gp, Partition Tree

,GN(PN,EN)})




Chapter 5
Experiments

This chapter focuses on the empirical study of the method detailed in chapter [4]
Given the method’s modular structure, a separate evaluation of the Divide and Con-
quer phases is conducted, comparing the proposed strategies to baselines. Finally,
section reports the final evaluation on the CausalMan man, along with results

for baselines and other methods from literature.

During experiments, the base LLM used for the system’s agents was the open-source
Qwen3-14B [47], while the chosen embedding model was Qwen3-Embedding-0.6B
[40], both running locally on a vLLM server [105].

Regarding Human-in-the-Loop interactions, the users replied to agents’ queries in
natural language, simulating answers from a domain expert that is familiar with the
dataset and its context. For narrow causal queries (e.g., “Does X — Y hold?”),
answers were derived directly from the available ground truth of the benchmark
dataset. For broader, open-ended queries, responses were limited to domain knowl-

edge, avoiding unintended hints about the ground truth.

5.1 Standalone Divide Evaluation

5.1.1 Experiment Setting

This ablation corresponds to just running the Explain and Divide module, obtain-

ing a partitioning of the variable set V.

The three original LLM-aided methods discussed in section[d.5] Meta-Agents, Hybrid-
Agents and Hybrid-Embeddings, are compared to three purely "data-driven" base-

lines.

20
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Method CCE | Avg Overlap 1 | Avg Size | | Max Size |
MHC 0.558 £ 0.004 0 37 71
CAPA 0.007 £ 0.001 | 0.78 £0.02 113 183
Data 0.09 £ 0.01 0.06 +£0.04 6 174
Hybrid-Embeddings | 0.76 4+ 0.06 0.23 +£0.05 12 52
Hybrid-Agents 0.90 £ 0.04 0.05 £+ 0.02 4 10
Meta-Agents 0.88 + 0.06 0.02 +0.01 4 9

Table 5.1: Divide method evaluation on the CausalMan Medium benchmark
(N=186). Average results over 5 runs

The first is MHC, the Modified Hierarchical Clustering algorithm used by [74]. Tt
uses a correlation-based distance metric (1 — pxy) for an initial hierarchical cluster-
ing, and then finds the level in the clustering dendrogram that maximizes number
of "large" (of size > n/20) clusters. On that level, smaller clusters are merged into

the closest "large" clusters.

CAPA is a recreation of the partitioning strategy in CAPA [36]. It performs lower
order CI tests, much like in to the CI_CD_Partitioning procedure described in
algorithm [2, without LLM clustering. To obtain partitions, CAPA runs an original

algorithm, rather than community detection.

Finally, Data is an ablation of the Hybrid methods, with no aid from LLMs. CI
tests are done with no restriction and no agents modify the partitioning obtained
from the CI_CD_Partitioning procedure (refer to section .

For the Meta-Agents and Hybrid-Agents method, the hyperparameter k dictating

the maximum allowed partition size is set at k = 10.

The employed metrics are the Causal Cut Error (CCE), the average overlap ratio

between sibling partitions[], the average and maximum partitionﬂ size across runs.

5.1.2 Discussion

This isolated evaluation displays a trade-off between obtaining favorable metrics and
producing practically useful partitions. Data-driven methods, particularly CAPA,

achieve lower CCE and highest overlap scores. However, this is largely explained

IThe two were defined in section
2Specifically, leaf partitions in the Partition Tree, i.e. the smallest partitions



52 CHAPTER 5. EXPERIMENTS

by the tendency to form at least one disproportionately large subgroup of variables.
While smaller clusters are produced as well, partitions containing almost the entire
dataset (or very large subsets, such as 52 nodes in the Hybrid-Embeddings case)
undermine the objective of the Divide-and-Conquer approach, which is to reduce

complexity.

Agent-based methods consistently produce partitions that satisfy the initial con-
straint of £k = 10. This results in groups that are more balanced and closer to the
intended output of the Divide step. Nevertheless, these methods yield high CCE val-
ues, indicating that the resulting partitions do not fully enclose relationships among

variables.

Thus, the subsequent Combine phase must compensate for this limitation. For both
Hybrid-Agents and Meta-Agents, merging local graphs should explicitly introduce
edges between partitions to preserve causal relations that may have been separated
in the Divide stage. While this adjustment means the obtained partitioning is not
“causal” in the strict sense defined in section [2.1.3] this practice is consistent with
strategies adopted in prior work (see Section , and may prove to be a more

effective balance between tractability and accuracy.

During the following evaluations, the chosen Divide method is Meta-Agents, as it

yields similar group sizes and CCE as Hybrid-Agents, but takes less time to run.

5.2 Standalone Conquer Evaluation

5.2.1 Experiment Setting

To evaluate the performance of different CD methods on subgroups, it is possible to
use the same metrics as the overall evaluation, namely Precision, Recall, F1 Score
and Structural Hamming Distance (SHD)F| For each method, the average of each

metric is computed on each of the leaf partitions.

The Agents method, relying only on metadata, and the hybrid Agents-FCI method
were compared against the baseline FCI algorithm equipped with y? independence
tests, and the score-based DAGMA [16] which fits a non-linear (Multi-Layer Per-

ceptron) model.

Precision, Recall, and SHD for each learned subgraph G(P;, E;) were computed
against a subset of the ground-truth graph Ggr. This was obtained by taking the

3Such metrics are defined in section m
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Method Fi 1 Precision 7 | Recall 1 SHD |

FCI 0 0 0 4.6 £4.7
DAGMA 0.1£0.3 0.1£0.3 0.1£03 |45+£18
Agents 0.86£0.18 | 0.92£0.17| 0.6x£04 | 1.0+1.1
Agents-FCI | 0.3+04 0.4+£0.5 05£04 | 43+£5.3

Table 5.2: Conguer method evaluation on CausalMan Medium benchmark (N=186).
Average results acroos partitions over 2 runs. Note: If SHD is 0, F; is set to 1, if
precision and recall are both 0, F; is set to 0

subset of Ggr(V, Egr) containing only the nodes in P; C 'V and the edges between
them. No additional edges were introduced to account for excluded confounders or

mediators.

5.2.2 Discussion

The results in Table indicate a clear advantage of the Agents method. This
outcome is expected: although the partitions (obtained with Meta-Agents) are of
manageable size, they still contain a mixture of variable types (both discrete and
continuous), and causal insufficiency remains present, even further exacerbated by

the partitioning process.

It is also worth noting that the evaluation procedure for this standalone setting has
some limitations. In particular, restricting the ground-truth graph to each partition
without adjustments ignores cases where excluded variables act as confounders or
mediators. A more refined construction would introduce bi-directed edges when a
confounder is omitted, or directed edges when a mediator is omitted. This simplifi-

cation may bias the Precision metric.

Still, FCI consistently performs the worst. Its low Recall implies inability to recover
even the edges preserved in the restricted ground truth. DAGMA provides a slight
improvement, likely due to reduced sensitivity to variable type, but its performance

remains weak.

Agents-FCI performs worse compared to Agents alone. This can be explained by
the tendency of FCI to add edges accounting for potential latent confounders or
mediators, which inflates SHD and reduces precision. These “extra” edges would

in principle be eliminated during the Combine phase [, but within this isolated

4As described in section m
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evaluation they are penalized directly

Overall, Agents achieves both the highest precision and the lowest SHD, while also
maintaining higher recall than the alternatives. For this reason, it is adopted as the

Conquer method in the complete benchmark.

5.3 Complete Benchmark

5.3.1 Experiment Setting

Similarly for the previous standalone evaluation, F; and SHD scores are computed
on the complete causal graph. The chosen configuration for the proposed method
is as follows: the Divide module uses Meta-Agents, with hyperparameter k = 10,

while Conquer uses Agents.

No ablation of the "Adding bridging edges' procedure within the Combine moduld’]

was done, for the reasons addressed in section [5.2.2]

Baselines include the statistical CD algorithms FCI, XGES and GranDAG, and
three other LLM-based methods from literature: CausalCopilot [88], BFS [87] and
PyWhyLLM [86]f]

Due to technical constraints, the LLM used within the baselines was OpenAl’s 03-
mini [I06]. For CausalCopilot, the user let the system run, answering to its queries
with all necessary information, but without adding/removing edges from its solution,
and without telling it to focus on any particular group of variables. Its choice of CD
algorithm was usually XGES, but during two runs where it chose the untractable
FCI, the user steered it towards XGES. For PyWhyLLM, the 'Augmented Suggester"
version was used, which includes a RAG mechanism from the CauseNet knowledge
base [107].

Both the larger CausalMan Medium dataset with 186 variables and a smaller 53-
variable version (CausalMan Small) were used to benchmark the proposed method

and baselines.

5.3.2 Discussion

Results in Tables [5.3] and [5.4] show consistent improvements of the proposed method

over baselines.

5Described in section
6All of them were introduced in section
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Method Fit Precision 1 | Recall T | SHD |
FCI - - - -
XGES 0.014+0 0.211+0 0.007+0 | 54740
GranDAG 010 010 0+0 54446
CausalCopilot 0.014+0 0.211+0 0.007+0 | 54740
PyWhyLLM - - - -
BFS - - - -
Proposed method | 0.2740.05 | 0.6640.11 | 0.17+0.05 | 558422

95

Table 5.3: CD on CausalMan Medium benchmark (n = 186). A dash "-" denotes
that the method failed to find a solution in a reasonable timeframe. Average results

over H runs

Method F1 Precision 1 Recall T SHD |

FCI 0.02840.012 | 0.0214+0.005 | 0.04%0.06 22143
XGES 0.056£0.009 | 0.037£0.006 | 0.12+0.10 | 450£15
GranDAG 0.002+0.003 | 0.01840.04 | 0.001£0.002 | 11343
CausalCopilot | 0.07840.012 | 0.26%+0.10 | 0.046+0.009 | 117+6
PyWhyLLM 0.104+0 0.062£0 0.306+0 1,619+0
BFS 0.283+0 1+£0 0.165+0 315+0
Proposed method | 0.4240.08 0.72+0.17 0.30£0.09 | 103£10

Table 5.4: CD on CausalMan Small benchmark (n = 53).

runs

Average results over 5
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On the CausalMan Medium dataset, several baselines failed to complete: FCI did
not scale, while both PyWhyLLM and BFS exhausted the context window of 03-mini
before completion. CausalCopilot ran XGES, its outputs were therefore the same
as baseline XGES. Among the methods that did complete, the proposed approach
yields an F; score an order of magnitude above baselines, maintaining balanced
precision and recall. Although its SHD is not the lowest, this can be explained by
the fact that some baselines produce extremely sparse graphs, which lowers SHD but
also Fy ﬂ The proposed method avoids both overestimation and underestimation of

edge density, obtaining a more informative causal graph.

Since scalability issues limited comparisons on the Medium benchmark, additional
experiments were conducted on CausalMan Small. Here, the proposed method again
achieves the best overall balance, with both the highest F; score and lowest SHD.
While PyWhyLLM and BFS attain the best recall and precision respectively, they
are lacking on other metrics, suggesting systematic overestimation or underestima-

tion of causal structure.

Overall, results suggest that the proposed Divide-and-Conquer pipeline provides an
effective trade-off between accuracy and scalability than existing statistical algo-
rithms and LLM-based methods.

“Some points on interpretation of SHD were discussed in section m
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Conclusions

This study introduced a Divide-and-Conguer method for causal discovery, designed
to leverage state-of-the-art LLM capabilities and scale to realistic datasets with a

large number of variables, mainly the simulated CausalMan benchmark.

The proposed method combines a multi-agent pipeline, a Human-in-the-Loop com-
ponent and the Divide-and-Conquer paradigm, and thus stands as an original frame-

work among others in causal discovery.

Standalone evaluations of the Divide and Conquer modules revealed that the LLM-
based methods consistently struck a good balance between accuracy and scalability,
offering practical advantages over purely data-driven baselines. In particular, the
Conquer evaluation confirmed that LLM agents are effective at accurately recon-

structing smaller causal graphs, in agreement with prior research.

Overall results are positive. The proposed agentic architecture, augmented with
web information retrieval, human interaction and a memory mechanism, proved
more balanced and scalable than statistical algorithms and existing LLM baselines,

even on a smaller dataset of 53 variables.

However, some limitations remain. First among these is the failure to produce a
partitioning that satisfies existing theory, an issue linked to an inherent trade-off
between partition size and information loss during the Divide process. Current the-
oretical guarantees for Divide-and-Conquer algorithms are conditional on successful

causal partitioning, which is not ensured in this method.

Furthermore, combining statistical and LLM-based methods did not prove effective
on the Divide task. The most practical solution was relying solely on agents. Fur-

ther refinement and experimentation are needed, especially regarding the type of

o7
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conditional independence tests employed by the proposed data-driven partitioning
method: realistic datasets have mixed variable types, and an independence test that

consistently handles such cases is an active topic of research.

Future improvements could also target the Combine phase, where the current im-

plementation relies on heuristic connections between smaller graphs.

The empirical evaluation could be deepened with additional standalone module eval-
uations or ablations, as well as benchmarking against other baselines specifically

designed for large-scale causal discovery.

The method itself represents a promising blueprint for scaling causal discovery with
LLMs. Extending it with alternative or complementary data-driven approaches

could strengthen both its performance and its theoretical guarantees.

6.1 Answers to research questions

[. LLM agents, when augmented with knowledge retrieval and human input,
proved effective contributors to causal discovery, especially in reconstructing

smaller causal graphs

IT. LLMs were most useful in the Conguer and Divide step, however the latter
remained challenging and theoretically unresolved. In the proposed Combine

heuristic, agents successfully add relevant connections between smaller graphs

ITI. Current theoretical guarantees could not be fully satisfied, since the proposed

partitions did not meet the strict requirements of causal partitioning

IV. Data-driven approaches and LLMs showed limited complementarity in the

Divide phase, but LLM-only solutions offered the best practical trade-offs
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