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Introduction

This bachelor thesis is focused on the methods of valuation that are used for pricing put and call
options. Since their proper introduction in the financial market, by the creation of the Chicago Board of
Option Exchange in 1973, financial options have been and are now widely used in the financial market.
Therefore, it is important to provide a correct price for them and the valuation methods should be the
most precise.

Options are securities whose values are determined by the value of other securities. In this thesis
we will concentrate on Monte Carlo simulation that we will use as an option-pricing model and we will
compare it to the Cox-Ross-Rubinstein (CRR) model and the Black-Scholes model. We will first describe
these methods and subsequently we will apply these methods to real data (Index SP 500). Then, we will
calculate the price of the option at the moment in which it started to be traded. The results from these
three models will be compared among them and with the real pricing offered in the market. With an
econometric hypothesis-t test, we will determine if they are convergent and if the Monte Carlo simulation
is a correct approximation of the results. Finally, we will test the impact of volatility parameter on option
pricing. We will estimate the price of the option using different volatilities during the life of the option as
it has happened in real data to see how the price will change in comparison with the constant volatility
previously used.

Options are financial derivatives that provide for investors a payoff that depends on the value of
an underlying asset. The investors can earn the difference between the future value of the underlying asset
and a given initial price. It is important to provide a good price for an option contract, but in order to do
so we should analyse the possible future prices of the underlying asset. We can do so using the Black
Scholes model or the CRR Binomial model that give future price by a formula, or by doing a Monte
Carlo simulation that would allow us to simulate different paths of future prices. Moreover, this
simulation can also allow us to use different volatilities and not a fixed one as in the other models.

In the first chapter, we will give an introduction about options and their fundamental
characteristics. First of all, we will explain the difference between put and call options and their potential
profits for investors as well as their role in the financial market. Secondly, we will describe the history of
options’ trading that started with the Ancient Greeks. For many years, options have been traded in a non-
regulated way but since the creation of the Chicago Board of Options Exchange in 1973, they have started
to be more and more used. Finally, we will state the difference between European and American options
and describe the other types of options that exist on the market.

In the second chapter, we will present the option pricing theory and the different models that can
be used. Firstly, we will concentrate on the price of options: on the one part, we will present the analysis

of its two components and on the other part, we will focus on the factors that influence it. Then, we will
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examine the different option pricing models, the CRR Binomial model, the Black-Scholes model and
finally the Monte Carlo method. We will see that both the Black Scholes model and the CRR Binomial
model present some limitations and uncertainties, in particular as they are based on the assumption of
constant volatility during the life of the option. However, this assumption does not hold in real life; thus,
we will see using Monte Carlo simulation that using different volatilities or un-constant volatilities will
make the price of the option vary a lot.

It is fundamental to give a correct valuation of the options price or fair value, as they have become
one the main securities traded on financial markets. Indeed, in the third chapter, we will use these three
different methods in order to calculate option prices using real data. We will use an option of the S&P
500 Index and apply the parameters into the three models. We will compare the results and will determine
if the Monte Carlo simulation, which produces estimate of prices, is a correct approximation of the other
methods. In order to determine this hypothesis, we will compare results using t-statistics test. Moreover,
we will measure price using different volatilities, which is the only uncertain parameter in these models.
Therefore, we will see the impact of changes in volatility on the price of the option. Finally, we will use a
Monte Carlo simulation with different volatilities during the life of the option, that are the volatilities that
had been in real life, in order to see how the price changes with respect to the price obtained with constant

volatility.
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Chapter 1 - Financial Options

1- General description and role of options

In finance, options are a special class of financial derivatives. A financial derivative, which is also
called contingent claim, is a security whose value depends on the value of another asset, called underlying
asset. Derivatives securities comprise future contracts, forward contracts, swap contracts and option
contracts. The underlying assets from which the derivative’s value depends are for example stocks,
indexes, bonds or currencies. Financial derivatives are usually used by investors to be protected against
risk, for arbitrage and speculation activities, and to modify the nature of an investment.

An option is a contract between two or more parties that gives the buyer the right but not the
obligation, we can say the “option”, to buy or sell the underlying asset to the seller at an agreed upon
price, that is called the strike price or exercise price. The buyer of the option can exercise his option at a
fixed maturity date or before it, depending on the type of option. Thus, each contract has an expiration
date after which the contract expires, and the seller of the option is no longer contractually compelled to
buy or sell the underlying asset from or to the buyer of the option. In order to obtain the right to buy or
sell the underlying asset from or to the seller of the option, the buyer of the option must pay the seller an
initial fee, known as the option’s premium. This premium is referred also to the “price” or “fair value” of
an option because it represents the cost of the option to the buyer.

Differently from other financial derivatives, options provide the owner the right to exercise it or not;
while in other financial derivatives, such as swaps and forward contracts, the owners are obliged to fulfil
the obligations of the contract. While signing the contract, the holder of the option should pay a premium
even if at the end he decides to leave the option unexercised. On the other hand, the seller of an option
does not have the right to withdraw from its obligation. Indeed, the seller receives the premium of the
option at the beginning of the deal but is bound at the end to pay a certain amount of money if the buyer
exercises the option. This difference in buyer and seller rights characterizes all option contracts; on the
contrary there is a symmetrical position between buyer and seller rights as far as other derivatives are
concerned. '

We can distinguish two types of options: the call option and the put option. The call option gives its
owner the right to buy a given underlying asset at the strike price. This means that the more the asset
price exceeds the strike price, the more valuable is the contract. Indeed, if someone thinks that the price

of the underlying asset is going to increase at its maturity date then he will buy a call option; in this way

! Source: Aleksandar Dejanovski, The Role and Importance of the Options as a Unstandardized Financial Derivatives TEM
Journal — Volume 3 / Number 1 / 2014. www.temjournal.com
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he can buy the underlying asset at the initial price (strike price) and sell it back at the new market value,
which is greater, therefore making a profit. On the contrary, the put option gives its owner the right to sell
a given underlying asset at the strike price and to gain value as the price of the stock drops further below
the strike price. In this case, if a buyer thinks that the price of an asset is going to fall, he will buy a put
option in order to buy the underlying asset at its new market value and sell it again at the initial price.

In summation, in the case of a call option, if the future price of the underlying asset is greater than the
strike price, the owner will make a profit; if the price is lower, then the owner will not exercise his option
and will have a loss equal to the price of the option. In the case of the put option the owner will make a
profit if the future price of the underlying asset is lower than the strike price and will make a loss if it’s
not the case. Thus, we can say that the profit of an option, if we assume that the price of the option itself
can be neglected, is for a call option: max (S — K, 0) and for a put option: max (K-S, 0), where S is the
price of the underlying asset at maturity and K is the strike price.

There is a relationship that links the price of a call option to the price of a put option, which is
called the Put call parity:

Co+ Ke ®RIT =Po + So

With
Co: the price of a call
Po: the price of a put
K: the strike price
Rf: the risk-free interest rate
T the time to maturity
So: the value of the underlying asset at time 0

Options play a very important role in generating economic growth and developing financial
systems. They are used in financial industries primarily in order to reduce unnecessary risks that exist,
which is a process known as hedging. But they are also used for speculative activities. Options are very
much used by investors because, as their name suggests, they give them “options”. The main benefits of
options are that investors can protect their equity holdings from a decrease in market price, they can
increase their income against current stock holdings, they can position themselves for a big expected
market move, they can buy a stock at a lower price and finally they can benefit from a rise or a fall in
stock price without having to buy or sell the stock. Unlike other investments where risks may have no
limit, options offer a well-known risk to buyers. In absolute, an option buyer cannot lose more than the
price of the option, the premium.

Several terms are frequently used in the financial industry when talking about options: “In the
money”, “At the money” and “Out of the money”. If an option is in the money, it means that exercising

the option would result in a positive payout: indeed, it means that the strike price is below the underlying
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security price for a call option and above it for a put option. Now, if the option is at the money, it means
that the underlying asset is trading at the strike price and exercising the option would cause the buyer to
make a profit exactly equal to zero. Finally, if the option is out of the money it means that exercising the
option would cause the buyer to lose money as the strike price is above the underlying security price for a
call option and below it for a put option. When an option is out of the money at maturity, the buyer of the
option will not exercise the contract because it would cause a loss in addition to the premium paid for the
option.

We can assume two different positions with options: a long position, which means that we are
buying an option and a short position that means that we are selling it.

The following table summarizes the different strategies when dealing with options:

Strategies Expectation of Potential gain Potential loss Profile
the movement of (on the vertical axis
the underlying we have the
asset price profit/loss and on

the horizontal axis

we have the price)

Long a call Increase Unlimited Limited s

(however the

price cannot = >
reach the K+C
infinite) (where K is the

strike price and C

the price of the

call)
Long a put Decrease Unlimited Limited
(however the
price cannot be I "
below zero) K-P

(where K 1s the
strike price and P

the price of the put)

A Monte Carlo Simulation: comparison of option pricing models page 7 of 43



Short a call Stability or Limited Unlimited 4

slightly decrease (however the ] -
price cannot

reach the K4+C

infinite)

Short a put Stability or Limited Unlimited T

slightly increase (however the
price cannot be

below zero)

Table 1:Investment strategies

Option’s contracts are very much used by investors since they provide them with a greater profit
than investing in stock, however they provide them with a limited downside risk, equals to the total
investment. We can consider the following example:
if I buy 100 shares for $100 each (thus, I invest $10,000), and the price then increases to $120, I earn
$12,000. Therefore, I will make a profit of $2,000.

If instead, I spend $10,000 to buy 500 options ($20 each, and with a strike price equals to 80), and the
price increases to $120 at maturity, I earn $20,000. Therefore, I will make a profit of $10.000.
So, options give a possibility of leveraged a stock position. However, if the price falls, the investor will

have lost entirely his investment.

2- History of option’s trading

The initial notion of options contracts is supposed to have been established in Ancient Greece, around
the middle of the fourth century BC.

Aristotle, the famous Greek philosopher and writer, wrote a book named “Politics”. In his work he
mentioned another philosopher and mathematician, Thales of Miletus and the story of how he made a
profit from an olive harvest: this can undoubtedly be considered as the first example of options being
reported in literature. Thales was very interested about mathematics and astronomy and by combining
these two subjects he created the first options contracts. During winter time, Thales studied the stars, he
predicted future olive harvests for the next season and decided that from his prediction he could made a
profit. He had the idea to monopolize the olive market considering that the demand for olive would be
high; however, the cost of buying every olive presses was very high and he couldn’t buy all of them,
therefore he decided to pay some money to each owner of olive presses in order to ensure his right to use
them when harvest time had come. When spring time came, as Thales had predicted, the harvest was

huge, so he sold the rights he owned for the olive presses at a much higher price than he had paid for his
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option to people who needed them and made a profit. Indeed, Thales had effectively been the first creator
of a call option by creating this option that has olive presses as the underlying asset. Indeed, as an option
buyer, he paid for the right, but not the obligation, to exercise his option, so in his case to use the olive
presses at a fixed price, making at the end a profit, and this is how call options work today.

Another relevant event in the history of options occurred in Holland during the early 1600s and is
widely known as Tulip Bulb Mania. At that time tulips, which had been brought to Holland from the
Ottoman Empire, were especially attractive in the region because they were considered as a symbol of
power among the Dutch aristocracy who was fascinated by their exotic look. Since tulip bulbs became
very popular in Holland, this popularity rapidly spread also in the rest of Europe with the demand for
them that increased and the beginning of speculation. At this time in history, call and put options were
used by investors for hedging scopes in many different markets. Thus, on the one hand, with the increase
demand and popularity of tulip bulbs, the producers started to buy put options because they worry about a
decrease in tulip prices and wanted to be protected against this risk. On the other hand, tulip wholesalers
started to buy call option since they feared the price of option to increase even more.

However, options markets were not regulated as they are today. Therefore, as the demand for tulip
bulbs continued to rise, the price and value of options contracts related to them increased as well, and
people started to speculate on the prices thinking that they would increase even more. By doing so, people
invested a lot of money and wealth in these option contracts, but as a bubble normally worked, prices
continued to increase for a certain time and then in 1637 the bubble exploded. Prices had risen to the
point where they were unsustainable, buyers announced they could not pay the high price previously
agreed upon and started to disappear as the market fell apart. Consequently, many individuals lost
everything as they had invested all their money for this investment. Moreover, certain families also
invested their houses, and this led the Dutch economy into a recession. For this reason, many people
decided to stop investing in options, and they lose their popularity. The event destroyed relationships
based on trust and people’s willingness and ability to pay.

After this episode, many people were opposed to the use of options, but for others they were still
appealing because they offered a great leverage power. Options are a risky asset and for this reason after
such episodes they have been prohibited in many markets. Moreover, also today, some cases of option
prohibition take place. For example, the European Securities and Market Authorities banned the binary
options in 2018 because of their risky structure.

In the late 19th, options were not traded in an organized market, thus, the American financier named
Russell Sage created an Over the Counter market in which people could trade call and put options, these
were options to buy or sell a set amount of stock at a set price and within a given time limit, this

innovation really increased option trading. Furthermore, Russell Sage established a method to calculate
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option prices by related the price of an option, the value of the underlying asset and interest rates based on
the put call parity principle.

At the end of the 19" century, options contracts started being advertised by brokers and dealer and
regained their popularity. Thanks to advertisement means, an interested owner or seller started to invest in
options with the help of a broker that would help them to find the better investment strategy. In order to
speed up negotiations and investments, brokers should find counterparties rapidly and for this reason a
group of companies formed the Put and Call Brokers and Dealers Association at the beginning of the 20"
century, with these association a network of option investors was created and trading option contracts
became more easy. But this option market had two main defaults: there was no secondary market, so the
buyer of an option had no right to sell it to another party before its deadline and there was no mechanism
that could guarantee that the seller would respect the contract. Therefore, although trading of options was
certainly increasing by this time, the lack of any regulation worried the investors. Indeed, without
regulations put and call brokers could manipulate prices by increasing the spread between the bid and ask
price, and thus increasing their profits.

In 1968, the Chicago Board of Trade, which is the place in which futures and options are exchanged,
noticed an important decline in the number of commodity futures exchanges on its exchange market and
it decided to establish a new approach to increase its business. After considering different alternatives, in
1973, the Chicago Board of Trade created a new Stock exchange, the Chicago Board Options Exchange
(CBOE). With this new option exchange, options were finally standardized and regulated, investors could
trade them no more in the over the counter market but in a fair marketplace. The result of this
standardization was that quick and easy option prices could be obtained. In the same year, the Options
Clearing Corporation was founded initially as a clearinghouse for the proper fulfilment of contracts; thus,
previous investor’s doubts on the risk of holding options and the risk of holding unfair options were
finally erased.

Again in 1973, Fisher Black and Myron Scholes created the Black Scholes Pricing Model, a
mathematical formula used to calculate option prices; with this formula the market of options increased as
investors could calculate prices and not being fooled. Indeed, this pricing model was used to determine
the fair price for a put or call option based on six parameters, such as volatility, underlying stock price,
time, strike price, risk-free rate and dividends. Following this invention, many options exchanges were
established, and the volume of option exchanged reached 20,000 options per day.

After the Internet revolution in the 1990s, options began to be traded online. The act of buying and
selling financial products was made through an online trading platform and this allowed investors from
all over the world to participate, and the number of options traded increased a lot. For that reason, the

quality and experience of brokers and traders improved as it became a real profession.
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Today, options contracts have become the more traded financial derivatives and there are listed on the
stock exchanges. Today, many options are created in a standardized form and traded through
regulated options exchanges, while other options are traded over-the-counter (OTC). On this market the
options are tailored to the requirements of investors in terms of amount and maturity. The trading
between two counter-parties is executed without the supervision of a formal exchange. The premiums are
higher than those in organized option markets.

Unlike the OTC market, the organized trading market is more standardized, there are supervisory
authorities and participants should comply with certain rules, such as minimum requirements: contract
size (minimum 100 options), specific execution price and date to maturity.

In the following table we show the evolution of options volume traded across the years®

US Equity Options Volume
350,000,000

300,000,000

250,000,000
200,000,000
150,000,000

100,000,000
50,000,000
B
PSS PP SIS EF S LSS

Figure 1- US equity options volume

3- Different types of options

There are many different types of options that can be traded, but in a very broad sense there are two
main types: the European style option and the American style option.

A European style call option is a contract that provides the investor with the right to purchase the
underlying asset at a specific date, which is the maturity date, therefore the option can be exercised only
at a certain date and at a certain underlying asset price. While, in the case of an American style call option
the investor may purchase the underlying asset any day before the maturity date, so he has the possibility

to exercise his option at many different dates and different underlying asset values.

% Source: https://www.optiontradingtips.com/options101/ , © Copyright 2005 Option Trading Tips
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The date at which an investor can exercise his option affects the price of the option. That is why
normally, the price of a European-style option is lower than the price of an American-style option
because the seller of a European-style option is assuming less risk while the buyer has more risk. If the
underlying asset price increases prior to expiration, an American-style call option owner can make a
profit on this increase in value, while the European-style call option owner has to wait until expiration,
hoping that this increase will be maintained. The buyers of European-style options are concerned only
about the final price of the underlying asset.

While trading options, investors do not have the choice in specifying that they want an American-
style, or a European-style call or put option. They just have to take the style that is currently offered on
the stock or index that they want to trade on.

Both European and American options are very common and are often described as plain vanilla
options, as they have no special features, terms or conditions. However, there are many other types of
options that are more customizable known as exotic options. They differ from more common options in
terms of their underlying asset and on the calculation of how and when the investor receives his payoff.

Some examples of exotic options are the Bermudan option, which can only be exercised on specified
dates before expiration. The Asian option whose payoff is given by the average underlying price over
some pre-established time period. The Barrier option in which the payoff depends on the fact that the
underlying asset price must reach a certain level before it can be exercised. And finally, the Binary option
that has a condition that the underlying asset should reach, the investor will receive the full profit only if
the condition is reached otherwise, he won’t gain nothing. There are many types of exotic options, and
these ones are usually very complex and exercised over the counter. They are generally considered more
risky than simple vanilla options but have the advantage of having generally been tailored to meet very
specific speculation scenarios.

In general, stock or equity options in the United States are American-style options, whereas index
options are European-style options. So, we will now consider a definition of index options and how they
are used by investors °.

As underlying asset, index options rely on market indexes such as the S&P 500, the Dow Jones
Industrial Average or the NASDAQ Index. Indexes are composed of many stocks traded in the market,
therefore by investing in an index option, investors can diversify their portfolios. Indeed, diversification is
proven to lower risk. However, since we cannot buy an index, the index option provides for the buyer a
cash settlement at maturity if the option is exercised, while stock options transfer the underlying stock to
the investor. Generally, investors use index options for protection against risk of a stock portfolio or for

speculation on the future changes in the value of the index.

3 Source: https://www.investopedia.com/ask/answers/0408 1 5/what-index-option-trading-and-how-does-it-work.asp
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There are many strategies available for investors to use with index options. First of all, the simplest
strategy involve buying a call index option if we think the index will increase in value and a put option if
we think that it will decrease. Other strategies most used by investors concern buying bull call spreads
and bear put spreads. These spread strategies are quite simple to implement and can be used when your
outlook on the index is moderate and not really aggressive. A bull call spread consists of two call options
with different strike prices: the investor short the option with higher strike price and long the other,
hoping to make a profit from the difference. The bear put spread is the opposite strategy: short the put
option with the lower strike price and long the other. These strategies give the investor a limited payoff
given by the difference of the two strike prices, however, it also provide a limited loss given by the
difference in the initial prices of the options.

Put options are usually traded in order to hedge a portfolio of stocks as a form of protection. Indeed,
investors, rather than buying many put options for every stock contained in their portfolio, will prefer to
buy a stock index put option. This will allow them to decrease transaction costs. This strategy allows to
protect investors from a decline in the value of its portfolio as the value of the put option will increase.
Finally, another very common strategy for index options is to sell covered calls. This strategy consists in
buying the underlying asset and selling a call option. Therefore, if the index value decreases the seller
will make a profit from the option and if the index value increases, he will make a profit from the
underlying asset.

On the other hand, equity options are the most common type of options. In the majority of the cases
equity options are American-style options. These options provide the right, but not the obligation to buy
or sell a quantity of the stock at a strike price, within a certain period of time but prior to the expiration

date.
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Chapter 2 - Option Pricing models

1- The importance of option pricing

Options are very important in the financial market that is why it is crucial to determine their fair
values or price. The price of an option can be defined as a premium that the seller of the option receives
in exchange for the right given by the option. We can say that a buyer of a call option will receive
max[S — K — C, —C] where S is the underlying asset’s price, K is the strike price and C is the price of the
option.

The value of an option is composed by its intrinsic value and its time value. The intrinsic value is
defined as the difference between the underlying’s asset price and the strike price for a call option; and
the difference between the strike price and the underlying’s asset price for a put option. Therefore, the
intrinsic value measures if the option is “In the money”. On the other hand, the time value is the value
that an investor agrees to pay for an option more than the intrinsic value, so that the value of its option

increases.

Premium (in USD)
Value of call
Se-X
Time value
T/v Intrinsic value
0 X : S, (USD/GBP)
Out-of-the-money In-the-money

Figure 2 — Option price vs. underlying asset value

This diagram® shows how the time value and the intrinsic value are related.

The factors that influence the price of an option are:
The current market price of the underlying asset:
On the one hand, call option provides the right to buy the underlying asset at a fixed value, which is the

strike price. If at maturity the value of the underlying asset has increased the call price will increase

* Source: https://www.fxoptions.com , © 2019 FxOptions.com | Privacy Policy
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because the option will be more profitable. On the other hand, since put option provides the right to sell,
the put option price will decrease. If the price of the underlying asset decreases, the call price will

decrease and the put price will increase.

The strike price:

The strike price is the price at which the underlying stock or index of an option can be purchased - in the
case of a call option - or sold - in the case of a put option -, during the life of an option. The strike price is
also called the "exercise price”, since it is the price that is paid or received at the option’s exercise time.
In the case of call option, the buyer has the possibility to buy the underlying asset at the strike price, then
if the strike price increases the buyer will have to pay more, so the value of the option will decline.
Whereas, in the case of put option, the value of the option will increase as the strike price increases,

indeed, the buyer will have the possibility to sell the underlying asset and will therefore be earning more.

The time to maturity:

Time to maturity represents the number of days that remains in an option's life before its maturity date
and before it becomes worthless or is exercised and equals its intrinsic value. If the time to maturity is
long, the price will be higher because the option has a greater value as it has more possibility to become

profitable. Whereas, if it is short, the price will be lower.

The volatility:

The volatility measures the fluctuation of an underlying asset in a given period of time. It measures the
change in the price of underlying asset overtime and is normally represented by the variance or the
standard deviation of the daily price changes. The more the price changes from one day to another the
more the volatility is high. Volatility in the price of the underlying asset is usually very uncertain that is
why it has a great impact on the option’s price. The greater the expected volatility is, the higher will be
the price of the option.

So, the greater will be the risk of fluctuation of the underlying’s price the more it will impact on the

option’s value.

The interest rate:

The interest rate is the cost of using money, it is generally represented by a rate per period of time for
example the annual rate of interest. Options investors normally use the risk-free interest rate of U.S.
Treasuries. The impact of interest rates on option prices is small, but we still need to measure it. If the
interest rate increases, the call price will increase and the put price will decrease; on the other hand, if it

decreases the call price will decrease and the put price will increase.
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The dividends paid on the underlying asset:

If we talk about options that have as underlying asset a stock, it is possible that this stock will pay some
dividends. If during the life of a call option, the stock pays some dividends to the shareholders, the value
of the option will decrease and on the contrary the value of the put option will increase. Moreover, the

larger is the amount of the dividends the more it will affect the price of the option.

Increase in Effect on call value Effect on put value
Underlying asset’s value increases decreases
Strike price decreases increases
Time to expiration increases increases
Expected volatility increases increases
Interest rates increases decreases
Dividends decreases increases

Table 2 — Summary of variables that affect prices

Pricing the intrinsic value of an option is straightforward because both the strike price and the market
price of the underlying asset are known. The difficulty of pricing options comes from pricing the time
value because it must account for the distribution of prices that the underlying asset can have during the

time before maturity. We will focus more on how to determine the price of an option later in this analysis.

2- The Cox-Ross-Rubinstein Binomial option pricing model

The Cox-Ross-Rubinstein option pricing model’, also called CRR model, was invented in 1979 by
Cox, Ross and Rubinstein. This model allows us to see the evolution of the option price towards the
periods, and then it is generally more used for American style options.

The model is based on certain assumptions: first of all it considers a risk neutral environment,
moreover it says that there is no possibility of arbitrage and that this perfect market consists only of one
riskless asset B with certain return Rf (which is the risk free rate), and of the risky asset S. Finally, it
assumes that the price of the underlying asset can only take two values: goes up or goes down.

The CRR model consists into three steps:

- The creation of a binomial price tree

- The calculation of option price at each final period

> Source: John C. COX, Stephen A. ROSS, Mark RUBINSTEIN, Option pricing: a simplified approach, Journal of Financial
Economics 7 (1979) 229-263. North-Holland Publishing Company
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- The calculation of option price at each preceding period

First of all, we will consider the evolution of the price of the option in one time period.

The evolution of the price of the underlying asset is given by:

/V uS with probability q

S
> dS with probability 1-q

the parameters are the current price of the underlying asset S, the up and down factors u and d, and the
probability q.
In order to avoid some arbitrage opportunities between the risky asset and the risk-free one, a necessary

and sufficient relation must hold: d < R < u where

R = eRfAT

Where u = e9VAT and d = e~9VAT with o the volatility and AT = T /n which is the time to maturity
divided by number of periods we are considering.

And where q given by:

The value of a call option is denoted by C, at maturity time T the payoff of the option is equal to
max[0,ST — K], with ST the value of the underlying asset at maturity and K the strike price.

We can consider that the evolution of the price of the option is given by:

/ Cu = max[0,uS — K] with probability q

C

Cd = max[0,dS — K] with probability 1-q

If we consider a portfolio, which is an investment in both S and B, that contains h shares of asset S and B

number of bonds. The value of this portfoliois V = hS + B and it evolves overtime.
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Vu = huS + R B with probability q

V=hS + B
\

Vd = hdS + R B with probability 1 —q

In order to hedge or replicate a portfolio on S and B with payoff equal to the payoff of the call option

V==cC

C =hS+RB

Cu = huS + RB

Cd = hdS + RB

Cu and Cd are the two possible payoffs of the option

The system has a unique solution given by:

_ Cu—Cd
T (u—=d)S
. uCu — dcd
~ (u—d)R

Then, a portfolio of h* shares of risky asset and B* number of risk-free assets produces the same

payoff as the call option. It occurs because the market is complete. Now since the portfolio’s return

replicates the one of the option’s, the absence of arbitrage implies that C = h*S + B”*

The option pricing formula is:

Cu—Cd uCu — dcd

C=WS+B=C—r * wah

[%] max[0,uS — K] + Z_ dmax[O, dS — K]
B R

We can also write it as:

1 R—-d
C = E[pCu+(1—p)Cd] where p = —

Secondly, we will consider the evolution of the option price in a two times period.

A Monte Carlo Simulation: comparison of option pricing models
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The evolution of the price of the underlying asset is given by:

u’s

usS

udS

ds

/\
/ N\

d*s

We can consider that the evolution of the price of the option is given by:

Cuu = max[0, u?S — K]

C Cdu = max[0, udS — K]

/ Cu
T

AAWAR

Cdd = max[0, d?S — K]
We know that:

pCuu + (1 — p)pCdu
u = B

_ pCdu+ (1—-p)Cdd

cd R

With two periods to maturity, the one period to go cashflows of Cu and Cd can be replicated once

again by the risky asset and risk-free asset portfolio composed of:

« _ Cu—Cd and B* = uCu—dcd
T (u-d)s T (u-d)R

No-arbitrage implies that C = h*S + B = % [pCu + (1 — p)Cd]
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We will have:

1
€ = =5 [p*Cuu+2p (1 -p) Cud + (1 - p)*Cdd]

1
— [p? max[0,u%S — K] + 2p(1 — p)max[0,udS — K| + (1 — p)?*max[0,d?*S — K]]
RZ

From this we note that C depends only current S, K, u, d, Rf, and the time until maturity, 2 periods.
Finally, we will consider the evolution of the option price for n periods.

We obtain:

1
C=h'S+B"= ﬁ[pCu + (1 —p)Cd]
If we substitute for Cu, Cd, Cu?,Cd?, Cu3,Cd? ...Cu™, Cd™ we obtain the formula: n periods prior to

expiration:

1
c=—

n

n
j=

! . . . .
(]'(nn—_])') p/ (1 —p)*~ max[0,w/d"/ S — K|

0

The payoff of the option will be 0 if j < m

max[0,u”jd*"(n—j) S—K] =0
If m is the minimum number of upward jumps of S that are needed for it to exceed K
the payoff of the option will be w/d™/ S — K if j > m

max[0,u/d" /S — K| =wd" I S—K

Thus, the formula for C can be re-written as:

c= L ("—') pi(1—p)i~I (Wd™ S — K)
R VAVICE]
]:
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3- The Black-Scholes-Merton model

The Black-Scholes-Merton model was first introduced in 1973 by Fisher Black and Myron Scholes

that published it in “The Pricing of Options and Corporate Liabilities” . Then it has been developed and

elaborated by Robert Merton in the “Theory of Rational Option Pricing”’. In 1997, Black, Scholes and

Merton won the Memorial Nobel prize in Economic Sciences for their discovery.

The Black-Scholes-Merton model is a mathematical model from which the Black-Scholes formula

can be derived. This formula is used to estimate the price of call and put options.

The model is based on some assumptions:

The underlying asset, if we consider a stock, does not pay out dividends during the option’s life;
We only consider European options that can be exercised at maturity time;

Investors cannot predict market movements, the market follows a random walk;

There are no transaction or commission costs;

The risk-free rate is constant;

The returns on the underlying asset are normally distributed, thus volatility is constant.

The variables that influence the price are:

S the current underlying asset price;

K the option strike price;

T the time to maturity, which is expressed as a percent of a year;
o the volatility of the underlying asset;

Rf the risk-free interest rate.

by using these variables, the Black-Scholes model derives a formula for the option price.

First of all, the price of a call option is given by

K

6 Author(s): Fischer Black and Myron Scholes
Source: The Journal of Political Economy, Vol. 81, No. 3 (May - Jun., 1973), pp. 637-654.
Published by: The University of Chicago Press

! Author(s): Robert C. Merton
Source: The Bell Journal of Economics and Management Science, Vol. 4, No. 1 (Spring, 1973), pp. 141-183
Published by: The RAND Corporation
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K

With Nd1 and Nd2 areas from the standard normal distribution table, and the present value of the

eRfT

strike price.

In order to get d1 and d2 we have:

S 2
[ln(ﬁ) +(RF+050 )T]
dl =
o VT
d2 =d1— oVT
z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

0.0 | 0.5000 0.5040 0,5080 0.5120 0.51680 0.5199 0.5239 0.5279 0.5319 0.5359
0.1 0.5358 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636 0.5675 0.5714 0.5753
0.2 | 0.5783 0.5832 0.5871 0.5910 0.5943 0.5987 0.8026 0.6064 0.8103 0.6141
0.3 | 06179 0.6217 0.6255 0.6293 0.6331 0.6368 0.6406 0.6443 0.5480 0.6517
0.4 | 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736 0.6772 0.6808 0.6844 0.6879
0.5 | 0.6915 0.6950 0.6985 0.7019 0.7054 0.7088 0.7123 0.7157 0.7150 0.7224
0.6 | 0.7257 0.7251 0.7324 0.7357 0.73589 0.7422 0.7454 0.7486 0.7517 0.7549
0.7 | 0.7580 0.7811 0.7642 0.7673 0.7704 0.7734 0.7764 0.7794 0.7823 0.7852
0.8 | 0.7381 0.7910 0.7939 0.7967 0.7995 0.8023 0.8051 0.8078 0.8106 0.8133
0.9 | 0.8159 0.8186 0.8212 0.8238 0.8264 0.8289 0.8315 0.8340 0.8365 0.8389
10| 08413 0.5438 0.8461 0.8435 0.8508 0.8531 0.8554 0.8577 0.8559 0.8621
1.1 0.8643 0.8665 0.8686 0.8708 0.8729 0.8743 0.8770 0.8750 0.8810 0.8830
1.2 | 0.8849 0.8859 0.3888 0.8907 0.8925 0.8944 0.5962 0.8980 0.8957 0.9015
1.3 | 09032 0.9049 0.9066 0.5082 0.5099 0.8115 0.9131 0.9147 0.9162 0.9177
14 | 09152 0.9207 09222 0.5236 0.5251 0.5265 0.9279 0.9252 0.9306 0.9319
1.5 | 08332 0.9345 0.9357 0.8370 0.8352 0.5394 0.5406 0.9418 0.9429 0.9441
16 | 0.9452 0.9453 0.9474 0.9434 0.5495 0.8505 0.9515 0.9525 0.9535 0.9545
1.7 | 09554 0.9554 0.9573 0.8552 0.8591 0.8599 0.5608 0.9615 0.9625 0.9633
1.8 | 09641 0.9549 0.9656 0.5664 0.5671 0.5678 0.9686 0.9653 0.9659 0.9706
1.9 | 09713 0.9719 0.9726 0.5732 0.57338 0.5744 0.5750 0.9756 0.9751 0.9767
2.0 | 08772 0.9778 0.9733 0.5738 0.5793 0.5798 0.5803 0.9808 0.9812 0.9817
21 0.9821 0.9826 0.9830 0.9834 0.5833 0.5842 0.9846 0.9850 0.9854 0.9857
2.2 | 09851 0.9854 0.9868 0.5871 0.8875 0.5878 0.5881 0.9884 0.9887 0.98%0
2.3 | 0.9893 0.98596 0.9898 0.9901 0.5904 0.9908 0.9909 0.9911 0.9913 0.9916
24 | 09918 0.9920 0.9922 0.5924 0.5927 0.5929 0.5931 0.9932 0.9934 0.9936
2.5 | 09938 0.9940 0.9941 0.5943 0.5945 0.9945 0.9948 0.9949 0.9951 0.9952
2.6 | 09953 0.9955 0.9956 0.9957 0.5953 0.9960 0.9961 0.9962 0.9963 0.9964
2.7 | 0.9955 0.9966 0.9967 0.5968 0.5969 0.5970 0.5971 0.9972 0.9973 0.9974
28 | 09974 0.9975 0.9976 0.5977 0.8977 0.9978 0.9979 0.9979 0.9980 0.9981
2.9 | 099581 0.9982 0.9952 0.5953 0.5954 0.5954 0.9985 0.9985 0.9986 0.9986

Table 3 - Standard normal distribution table®

We will now prove this equation:

assuming that the underlying price follows a Brownian motion

dSt = uSt dt + oSt dWt

with Wt a standard Brownian motion, and p the drift of the underlying asset

8 Source: https://statistics.laerd.com/statistical-guides/normal-distribution-calculations.php
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By Ito’s lemma’ we know that the value of a call option at time t

dC(S,t) = (u St aC+ aC+05 ZSZaZC dt + oSt aCth
S G T PG T 72t 3s

We consider now a portfolio, at each time t we have ht units of the risky asset and kt units of the risk-
free asset
Vt = ht St + kt Bt

ht and kt are chosen so that the portfolio replicates the value of the option

dVt = ht dSt + kt dBt = Rf kt Bt dt + ht(u St dt + oSt dWt)
= (Rf kt Bt + ht u St)dt + ht oSt dWt

ac

ht=g
Rf kt Bt —a—C+05025262—C
ot 952

Now, if we set CO = VO the initial value of the portfolio, then Ct = Vt because they have the same

dynamics. Thus, we obtain:

2

R StaC+aC+0525266 RfC=0
fStastor T 0P S gz —RIC =

Which is the Black-Scholes price differential equation.
In the case of a call option we have, C(S,T) = max(S — K,0),C(0,T) =0 for all t and C(S,t) = S as

S - o
C(S,t) = St Nd1 — e RFT-DK Ng2
with
[in(3) + Rf +050%) (T~ 1) ]
dl =
oNT —t
d2=d1— oVvT —t

? Ito’s lemma is used in mathematics to find the derivative of a time-dependent function of a stochastic process.
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We can notice that p does not appear in the Black-Scholes equation, indeed Black-Scholes will also hold

if we assume that y = Rf.

4- Limitations of the models

The Black Scholes model and the CRR Binomial model are usually used to measure options’ values,
however these models present some limitations.

First of all, the Black Scholes model and the CRR Binomial model assume that volatility is constant,
and as a measure of volatility they use the implied volatility or the historical volatility. However,
volatility of the underlying asset is uncertain in the future and we cannot really know which measure to
use. Moreover, the volatility is most of the time moving, so it is not constant. Volatility is one of the most
important measures of the option price, since volatility is the measure of the risk, but it is the most critical
parameter of the equation.

The implied volatility is found using current market data while the historical volatility is calculated by
looking at the past volatility of the asset. Implied volatility is a forecast of the volatility of the underlying
asset. It is measured using the Black Scholes model, using the volatility attributed to well-priced option
and then inserted in the Black Scholes formula. When investors think that the price will fall in the future,
they expect a greater volatility, thus a greater risk, whereas, when they think that the price will rise, they
expect a lower volatility. The calculation of implied volatility is based on probability and it is an
estimation of future volatility, so we cannot be certain of its efficiency. It is possible that the price will
not follow the path predicted by the implied volatility.

The historical volatility is determined by measuring the variance and the standard deviation of the
underlying asset in a previous time period. Thus, it uses past volatility as an estimate of future volatility.
However, this measure could not be correct in estimating future volatility since unexpected shocks could
always happen such as financial crisis or speculative bubble. Therefore, we can say that historical
volatility is not a precise measure of future volatility.

Additionally, the model assumes that the price of the underlying asset has a lognormal distribution,
which in real data is often wrong as the risk that the price moves downward happens more frequently than
this distribution predicts. Indeed, Black Scholes assumes lognormal distribution of the asset prices which
means that the volatility is the same for all strike price, however, it is not the case since volatilities for at
the money options are lower than volatilities for out of the money ones.

Both the Black Scholes model and the CRR Binomial model assume that the volatility is constant, as

it is given by a fixed number characteristic of the underlying asset. Nonetheless, in real data we found that
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the volatility usually is not constant and will vary with different strike prices, this is known as the

volatility smile.

At the Money Strike

IMPLIED VOLATILITY

In the Money Puts In the Money Calls

Qut the Money Calls Out the Money Puts

STRIKE PRICES

Figure 3 - Volatility smile "’

For this reason, we will use a Monte Carlo simulation in order to estimate the price using non-
constant volatilities.

In this thesis, we will analyse the impact on option prices of changes in the volatility. We will use
both different volatilities and non-constant volatilities.

By changing the volatility in both the Black Scholes and the CRR Binomial model, the price of the
options will change, and by using real data we will see if the constant volatility assumed by these models

will fit the data.

5- Monte Carlo Simulation

Monte Carlo method was developed in the late 1940s after the World War 2 by Enrico Fermi, John
von Neumann and Stanislaw Marcin Ulam. The name has been invented by Nicholas Constantine
Metropolis with a reference to Monte Carlo famous Casino.

Monte Carlo simulation is widely used in financial industry, mostly to evaluate derivative products. In
order to evaluate option prices, this method consists in generating numerous possible paths of the
underlying asset in a risk neutral environment, then in calculating the values of the option for each path
and finally in taking the average of the values of the option and calculating its present value.

Firstly, we will consider the basic process of the Monte Carlo Simulation and later we will see its
application for option pricing.

Monte Carlo simulation'' consists in the estimation of the expected value of a function of some

random variable X

10 Source: http://tradingtuitions.com/volatility-smile-in-options/ , © 2019 Trading Tuitions

A Monte Carlo Simulation: comparison of option pricing models page 25 of43


http://tradingtuitions.com/volatility-smile-in-options/

u=E[fX)]
and can be divided into two steps:
- it will generate samples that are independent identically distributed random variables
X1,X2,X3 ..., Xn that have the same distribution as X.

- it will estimate the expected value u

A= =[f(XD) + f(X2) + - + f(X3)]

Monte Carlo simulation will provide an estimate for u thatis fi = % =1 Fi

Where F1,F2 ... Fn are i.1.d. copies of F.

Because i is an estimate we want to find the standard error g — u

F1+F2+-+Fn—nu n(i—p)
O'F\/H O-F

where oy is the standard deviation of F
As n — oo this equation converges to a standard normal distribution

Foreverya € R

o~ 2
P {@ < a'} — ¢ (a) the standard error is normally distributed with mean 0 and variance %
F

At Zy), 3—% is the confidence interval

or 1s difficult to estimate, so we will say that the sample standard deviation is:

n n
1 1
— Fi— ()2 = _sz-_ 2
S n—1zl(‘ W7 = g QF i)
L= 1=

And it is used to replace or

Then, we will have:
S_F
n

ﬁiza/Z\/—

With j—% the standard error of /i

" Source: Hui WANG, Monte Carlo Simulation with Applications to Finance, (2012), Chapman & Hall/CRC Financial
Mathematics Series
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n
1
SE = —ZFZ'— 2
n(n—1)(,1 i —na?)
l=

Now, we will see how we can use the Monte Carlo simulation to find the estimated price of a call
and put option and the standard error. In order to measure put and call option price, the Monte Carlo
simulation is based on the simulation of random numbers.

We know that C = E[e "’/ T(ST — K)]
The price of the underlying asset is a geometric Brownian motion for which we assume the drift 4 equal

to the risk-free rate Rf
ST = S exp{(Rf — 0,5¢*)T + cWT}

Monte Carlo simulation consists in generating many samples of the option payoff so, will generate
samples of WT.
WT is normally distributed with mean 0 and variance T we can write WT = +/TZ for some standard
normal random variable Z.
We generate fori = 1,2 ...n Zi from N(0,1)
Then we generate:
Si = S exp{(Rf — 0,50%)T + oVTZi}
After we generate:

Ci=e RT(Si-K)
We compute the estimate C = %(Cl +C2+--+Cn)

Finally, we compute the standard error:

n
1 A
SE= |—— ECZ'— C?
n(n—l)(,1 i =n(*)
=
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Chapter 3 - Simulation: Pricing of European Options

1- Data used in the simulation

In this part, we will realize a simulation of option price valuation first by using the Black Scholes
model, then the CRR Binomial model and finally by computing the Monte Carlo simulation, in order to
test the convergence between these models, then, the influence of the volatility parameter.

In order to do so, we will use real data from the financial market. We will use data relative to a
European option: the S&P500 Index option.

The data that we use are collected from the Chicago Board of Option Exchange (CBOE) and are

observed at a given date and at maturity time (currency USD).

SPX option

Type: call, put

Price of the underlying asset: 2881
Strike price: 2875

Maturity date: May 28", 2019
Days to maturity: 18

Price of the call option: 43

Price of the put option: 34
Historical volatility: 15%

ASPX (Standard & Poors 500 Index) 2881.4 3"

[ Intraday J 50 | am [ 6w ] vTD v ] sv |

8RS
2850
2825

2800
7. May 8. May 9. May 10. May 15:00

Figure 4- S&P 500 Index price’s evolution
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This graph'? shows the evolution of the S&P 500 Index before the life period of the option.
In the following part, option prices will be calculated using the three different models. First of all, we
want to see if the prices are similar to those found in real data, and then if they are similar between them,

in order to see if the Monte Carlo simulation is a good estimation of option pricing models.

2- European options pricing with the three models

In order to apply these models, we will use the MATLAB program.
First of all, we will calculate the price of S&P500 option with the Black Scholes model:

S = 2881

K = 2875

vol = 0.15

r = 0.024

T = 18/365

[Put,Call] = blsprice(S,K,r,T,vol)
Call option price Put option price
43.1 33.7

Table 4: Black Scholes model simulation

Secondly, we will calculate the price using the CRR Binomial model:

NumPeriods = 18

Settle = "10-May-2019"
Maturity = "28-May-2019"

vol = 0.15

S = 2881

St = S*exp(vol*sqrt(18/365))

r = 0.024

K = 2875

CRRTimeSpec = crrtimespec(Settle,Maturity,NumPeriods)
StockSpec = stockspec(vol, S)
RateSpec = intenvset ("Rate",r)

CRRTree = crrtree (StockSpec,RateSpec, CRRTimeSpec)
StockSpecATM = stockspec(vol,St)

CRRTreeATM =

crrtree (StockSpecATM, RateSpec, CRRTimeSpec)
PriceCRRCall =
optstockbycrr (CRRTree, "CALL",K, Settle,Maturity, 0)
PriceCRRPut =
optstockbycrr (CRRTree, "PUT",K, Settle,Maturity,0)

Call option price Put option price

43.2 33.9

Table 5: CRR Binomial model simulation

12 Source: Cboe website
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Now, we will calculate the price of the options using Monte Carlo simulation:

S = 2881

K = 2875

r = 0.024

vol = 0.15

time = 18/365

N = 2500

BS = blsprice(S,K,r,time,vol)

for i = 1:N

Z(i) = normrnd(0,1)

Y(i) = S*exp((r-

0.5*sigma”2) *time+vol*sqgrt (time) *Z (1))
C(i) = max(Y(i)-K,0)

D(i) = max((Y(i)-K)"2,0)

end

payoff = sum(C) /N

se = sqgrt((1/(N*(N-1)))* (sum(D)-N*payoff"2))

We can see that the more we increase the number of paths N, the more the result converges
towards the price found using Black Scholes model and CRR model.

In order to compare the results that we obtained we will realize a t-test, to see if the prices found
with Monte Carlo simulation as the number of paths increases, converges or not to the price found by
Black Scholes.

To confirm it, we will test the following hypothesis:
- HO =mean of MCS prices = BS price = CRR price
- H1 =mean of MCS prices # BS price # CRR price

¢ = Cumcs — Cps
SE

The null hypothesis is rejected if the t statistics is greater than 1.96 which is the critical value under a

95% confidence interval.

Black Scholes Monte Carlo with | Monte Carlo with | Monte Carlo with
N=100 N=1000 N =2500
Option’s price 43.10 55.39 40.63 44.36
Standard error - 10.05 2.71 1.70
t-statistic - 1.22 0.91 0.43

Table 6: Price’s comparison Black-Scholes vs Monte Carlo
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Since t-statistics are all lower than 1.96, we do not reject the hypothesis, and we can say that the Monte

Carlo simulation is a correct estimation of the Black Scholes model using the implied volatility.

CRR Binomial Monte Carlo with | Monte Carlo with | Monte Carlo with
N=100 N=1000 N =2500
Option’s price 43.24 55.39 40.63 44.36
Standard error - 10.05 2.71 1.70
t-statistic - 1.21 0.96 0.66

Table 7: Price’s comparison CRR Binomial vs. Monte Carlo

With the same reasoning we can say that the Monte Carlo simulation is also a good approximation

of the CRR model.

For the put option we find with 2500 simulations a price equal to 32.9

As its name suggests, the Monte Carlo simulation, allows us to simulate many random numbers,

so different option’s prices. But, by repeating the simulation ten times, we observe that the simulations

always are very similar to Black Scholes and CRR prices.

45,0
44,5
44,0
43,5
43,0

42,5

Value

42,0
41,5
41,0
40,5

40,0

MC - repeated simulation

4 5 6
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Figure 5- Monte Carlo repeated simulation
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3- Volatility impact on options’ prices

Volatility is the only parameter in option pricing about which we don’t have a certain value. Indeed,

future volatility of the underlying asset, in this case the S&P Index, is unknown when we buy an option.

We can use historical or implied volatility; however, market shocks can happen, and these values could

be wrong. In order to determine if this parameter really affects the price of the option, we will test

different volatilities to see if the price will change. Moreover, we also want to assure that Monte Carlo

simulation is still a good approximation of the other two models even when we change the value of

volatility.

For these simulations we will concentrate only on call options, as the results are the same for the put

options.
If we increase the volatility by 10%
The Black Scholes model gives:

2881
2875
= 0.165
0.024
18/365

I =)W
O
=

H R

[Call] = blsprice(S,K,r,T,vol)

Call option price

46.91

Table 8: Black Scholes model simulation with greater volatility

The CRR model gives:
NumPeriods = 18
Settle = "10-May-2019"
Maturity = "28-May-2019"
vol = 0.165
S = 2881
St = S*exp(vol*sqrt (18/365))
r = 0.024
K = 2875
CRRTimeSpec = crrtimespec(Settle,Maturity,NumPeriods)
StockSpec = stockspec(vol, S)
RateSpec = intenvset ("Rate",r)

CRRTree = crrtree (StockSpec,RateSpec, CRRTimeSpec)
StockSpecATM = stockspec(vol,St)

CRRTreeATM = crrtree (StockSpecATM, RateSpec, CRRTimeSpec)
PriceCRR =
optstockbycrr (CRRTree, "CALL",K, Settle,Maturity, 0)
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Call option price

47.02

Table 9: CRR Binomial model simulation with greater volatility

Finally, the Monte Carlo simulation gives:

2881

2875

0.024

vol = 0.165

time = 18/365

N = 2500

BS = blsprice(S,K,r,time,vol)

B =X W0

for i = 1:N
Z (i) = normrnd(0,1)
Y(i) = S*exp((r-
0.5*vol”"2) *time+vol*sgrt (time) *Z (1))
C(i) = max(Y(i)-K,0)
D(i) = max((Y(i)-K)"2,0)
end

payoff = sum(C) /N

se = sqgrt((1/ (N*(N-1)))* (sum(D)-N*payoff~2))

Call option price

45.64

Table 10: Monte Carlo simulation with greater volatility

Black Scholes Monte Carlo
Option’s price 46.91 45.64
Standard error - 1.9
t-statistics - 0.67

Table 11: Price’s comparison Black Scholes vs. Monte Carlo with greater volatility

CRR Binomial Monte Carlo
Option’s price 47.02 45.64
Standard error - 1.9
t-statistics - 0.73

Table 12: Price’s comparison CRR Binomial vs. Monte Carlo with greater volatility

We can see that if we increase the volatility only by 10%, we cannot reject the hypothesis that the

price found by Monte Carlo simulation is a good estimation of the Black Scholes and the CRR price.
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Figure 6- Option’s price vs. change in volatility

This graph shows on the vertical axe the price of the option and on the horizontal axe the increase
in volatility, that we use to measure the option’s price. We can say that the more we increase the volatility
the more the price of the option will increase. Indeed, options are financial instrument that can only make
the investor lose a certain specific amount and earn an undefined and also infinite amount.

However, it may seem illogical that the more the risk increases, the more the value increases, but
by buying options, unlike buying other securities, the owner gains more from the change in the
underlying’s price and earns significant profits from large price movements. Moreover, the owner cannot

lose more than the price of the option, thus it is not affected negatively by the risk of large price changes.
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Figure 7- Standard deviation vs. changes in volatility

From these results, we can say that even if we change the volatility, the Monte Carlo simulation is
a good approximation of the results obtained using the other models. However, we can assert that even a
small increase in the volatility has a big impact on the price of the option. For that reason, we may say
that volatility is an important parameter in the calculation of option price and assuming that it is a
constant number for an underlying stock can lead to mispricing of options.

If we observe the data at maturity, we can have a correct view of how the volatility was during the
life of the option.

The value of the underlying asset at maturity date is 2802, we can see that the value of the index
declined a lot. Indeed, by buying a call option investors will have a final profit of 0, and by buying a put
option they will have a profit of 2875 — 2802 = 73, by subtracting the price of the option they will have a
net profit equal to 39. Furthermore, we have seen that during the life of the option, the index has been
very volatile and that the value of the index collapsed, allowing owners of put options to make great

profits.
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However, at the beginning the price of the call option was greater than the price of the put option,

therefore, as we said, nobody could have known how the value of the underlying asset would have

evolved over time.

30. Apr

This graph'® shows the evolution of the S&P 500 Index during the life period of the option.

Figure 8- S&P 500 Index price’s evolution during the life of the option

Black Scholes model assumes that an underlying asset has a constant volatility that is an

estimation of the future volatility based on the historical volatility. Thus, for every strike price and every

date of maturity an option will have the same volatility. However, this is not necessarily the case in the

real world, since after the 2008 financial crisis, we have observed very un-constant volatility in real data.

In order, to use an un-constant volatility we will use the Monte Carlo simulation, to simulate the

price of the option using volatilities that will change overtime and we will compare these results with

those obtained with Black Scholes and CRR model with constant volatility.

Since volatilities are not constant for the life of the option, we will consider a Monte Carlo

simulation that uses the following volatilities to measure the price of a put option:

13 Source: Cboe website
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S = 2881

K = 2875

r = 0.024

N = 1000

for i = 1:N
t = 4.5/365
vol = 0.15
Z(i) = normrnd(0,1)
Y(i) = S*exp((r-0.5*vol”"2)*t+vol*sqgrt(t)*Z (1))
vol = 0.16
Y(i) = Y (i) *exp((r-0.5*vol"2) *t+vol*sqgrt(t)*Z (1))
vol = 0.17
Y(i) = Y (i) *exp((r-0.5*vol"2) *t+vol*sqgrt(t)*Z (1))
vol = 0.19
Y(i) = Y(i)*exp((r-0.5*vol"2)*t+vol*sqgrt(t)*Z (1))
C(i) = max(K-Y(i),0)
D(i) = max((K-Y(i))"2,0)

end
payoff = sum(C) /N
se = sqgrt((1/ (N*(N-1)))* (sum(D)-N*payoff~2))

By running this simulation, we found a price of 77, which is very far from the price found with a
constant volatility. However, this result is very similar to the payoff that the buyer of the put option had
received, as in reality volatility is not constant and during the life of this option it has increased to
approximately 20% at the end. Agents, in order to price options, use past volatilities that in this case were
always very close to 15% in the last months, however during the life of this option the volatility increased
to 19%.

If agents had anticipated the index value movements during this period, they would have used a
higher implied volatility.

Many studies have been undertaken in order to find a pricing model that relies on different
volatilities; in particular, there is the Heston model, which is an option-pricing model that uses stochastic
volatility. It is therefore based on the assumption, differently from Black Scholes, that volatility is not

constant.

The Heston model is given by:
dS, = rSidt + [V, SidWy,
dV, = k(6 — V) dt + o\/V,dWy,
With:
- S;: the price of the underlying asset at time t;
- r: the interest rate;
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- \/Vt : the volatility of the underlying asset price;

- o: the volatility of the volatility;

- 0: the long-term price variance;

- k: the rate of reversion to the long-term price variance;
- dt: avery small time increment;

- Wj¢: a Brownian motion of the underlying asset price;

- W,;: a Brownian motion of the underlying asset price volatility.

Additionally, there are also other models that use stochastic volatilities as it is more similar to what

happen in real data.
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Conclusion

This thesis has presented an overview of options’ contracts and the different methods to price
them. In the first part, we have seen that options are derivatives contracts whose values depend on the
value of an underlying asset, and that they provide high potential payoff for investors. The call option
gives a payoff equal to max(0,Y - K) and the put option gives a payoff equal to max(0,K - Y), with Y
the future price of the underlying stock and K the strike price at which the option can be exercised.

They are used mainly for two different reasons: hedging and speculating. Moreover, options have
an important history, they have been invented many years ago and for many years have been seen as a
risky investment that was only traded on un-regulated market. However, with the creation of the Chicago
Board of Option Exchange they have started to be traded on a regulated market and therefore the number
of traded options has increased significantly.

In the second part, we first of all have shown the determinant of options price that are the strike
price, the volatility, the interest rate, the time to maturity, and the price of the underlying asset. We have
proposed three different methods of option’s pricing: the Black Scholes model, the CRR Binomial model
and the Monte Carlo simulation. However, these three methods rely on assumptions that can be
inconsistent with reality such as the constant volatility.

In the third part, we have run a simulation using real data about an option of the S&P500 Index.
Using the MATLAB program, we have realized algorithms relative to the three models and concluded
that the prices obtained with the models are convergent. Black Scholes model and CRR model can be
used as substitute and the Monte Carlo simulation with many simulations is a good estimator of prices.
Indeed, by using a t-statistic test we have shown that the difference between the prices is statistically
equal to zero. The results obtained by these three methods are the same as the prices found in real data.
Thus, we can say that agents priced the options by using these models.

Furthermore, we wanted to show the impact of changes in volatility on the prices of options.
Volatility is the only parameter about which we don’t have a specific value but only an estimation of
future volatility that can be different in reality. We have demonstrated that the more the volatility
increases the more the price of the option increases. This makes sense, as owners of options earn more of
large underlying asset’s price movements and cannot lose more than the initial investment.

Since volatility in the life of the option is uncertain and can only be estimated by looking at past
volatilities, it is a parameter that in reality can be estimated in an erroneous way. We have shown that
using different volatilities during the life of the option gives a price that is far greater than the price found
with a constant volatility.

We can thus assert that it is difficult to know the right model to follow, or if there is a right model

to follow.
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Black Scholes model as well as CRR model use historical volatility or implied volatility to
calculate the price of the options, in this case we use a volatility equals to 15%. However, this estimated
volatility used in the calculation has resulted to be relevantly different from the volatility observed:
indeed, at maturity date we observed a volatility more equal to 20%. Therefore, estimating the volatility is
an important element when calculating options pricing.

In conclusion, the three models investigated are similar in the results. However, we have put in
evidence the importance of estimating the volatility parameter. Thus, we have started a review of the
many studies made in order to find pricing models that rely on different volatilities, in particular the

Heston model that uses stochastic volatility has been presented.
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